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PREFACE 


This is the second volume of “Advances in Applied Mechanics” and 
follows the same principles as those indicated in the preface to Volume I. 
Due to various circumstances a longer interval than originally intended 
has elapsed between the publications of these first issues. It is hoped, 
however, that the third volume will appear within a shorter interval. 

As has been stressed in the preface to the first volume, the prin- 
cipal aim of the “Advances” is to give surveys of the present state 
of research work in various fields of applied mechanics. The emphasis 
is not on giving abstracts of papers previously published nor is it intended 
to supply in each case a complete set of references to papers elsewhere 
accessible. Each article is written by an author who is actively engaged 
in the particular field of research and who has full liberty to develop 
his personal views and to present his own solutions. We think that in 
this way the reader is better served than by the routine type of summary 
or review. 

Contributions to the Advances are, in general, by invitation of the 
Editors. Suggestions on topics to be dealt with and offers of special 
contributions will be appreciated and will receive careful consideration. 

Tii. v. KXkmAn 
R. v. Misns 
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Much recent work 1ms been done in the study of isotropic turbulence, 
particularly from the point of view of its spectrum. But the underlying 
concept is still the assumption of the similarity of the spectrum during the 
process of decay, which is equivalent to the idea of self-preservation of 
the correlation functions introduced by the senior author. It is, however, 
generally recognized that the correlation function docs change its shape 
during the process of decay, and hence the concept of self-preservation 
or similarity must be interpreted with suitable restrictions. Under the 
limitation to low Reynolds numbers of turbulence, the original idea of 
K&rm&n-Howarth has been confirmed. Then the decay consists essen- 
tially in viscous dissipation of energy separately in each individual fre- 
quency interval. However, when turbulent diffusion of energy, i.c., 
transfer of energy between frequency intervals, occurs at a significant 
rate, the interpretation of the decay process and the spectral distribution 
is quite varied. This can be seen by a comparison of the recent publica- 
tions of Heisenberg (3), Batchelor (4), Frenkiel (5), and the present 
authors (6,7). The purpose of the present paper is an attempt to clarify 
this situation. 

Since some of these discussions are presented in terms of the correla- 
tion functions and others in terms of the spectrum, wo shall begin by 

1 Invited paper at joint meeting of Fluid Mechanics Division, American Physical 
Society and Institute of Aeronautical Sciences, January 2G, 1949. An abbreviated 
version of this paper appeared in the Revs. Mod. Phys., 21, 51G-519 (1949). 

5 Honorary professor, Columbia University. 

3 The work of Lin was partly sponsored by the Naval Ordnance Laboratory. 
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giving a simple systematic demonstration of the relation between the 
correlation theory and the spectral theory (Section I). This will serve 
as a background for the later developments. In Section II, we discuss 
the various considerations of similarity, their mutual relations, and a 
general comparison of their consequences with experiments. In Section 
III we propose a simple analysis of the spectrum, which gives a unified 
point of view regarding the types of similarity that should prevail at 
the various stages of the decay process. A detailed study of the early 
period of decay is given in Section IV. 

It is concluded that the balance of energy among the fluctuations of 
various frequencies leads to the following conditions. At an early stage, 
all but the largest eddies participate in an equilibrium. There- is a 
similaiity of the spectrum if the lowest frequencies are excluded. In 
terms of correlation functions, this is the assumption proposed by the 
junior author (7). At an intermediate stage (to which the work of the 
senior author applies), the low-frequency components share the equilib- 
rium of the largest eddies, and the high-frequency components form a 
separate regime of equilibrium. This separate high-frequency range is in 
general clearly defined for sufficiently high Reynolds number of turbulence, 
according to the concept of Kolmogoroff. Finally, when the Reynolds 
number becomes very low, the high-frequency components also share 
the equilibrium of the lowest frequencies and complete similarity is 
realized. There is then practically a separate viscous dissipation in 
each individual frequency range. When the initial Reynolds number 
is very high, the intermediate stage is very long. When the initial 
Reynolds number is very low, the intermediate stage practically dis- 
appears. Thus, to check the theory, experiments should be carried 
out at very high initial Reynolds number of turbulence, and the flow 
should be allowed to decay until the Reynolds number becomes very 
low. So far, no such experimental data seem to be available. Some 
suggestions for experimental measurements are made in Section V. 

I. Relation between Correlation and Spectral Theories 

It has been shown by von K^rmdn and Howarth that the change of 
the double correlation tensor R ik is governed by the relation 

ft (u' 2 Rik) - u' z ^ (T m + Tw) = 2 vu ,2 V*R ik (1.1) 

where u’ 2 is the mean square of the turbulent velocity, t is the time, v is 
the kinematic viscosity coefficient, and R ik (b,t) and T ijk (h,t) are the 
double and triple correlation tensors for two points P and P' separated 
by a spatial vector £ f : 
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Vi{P)u k (P'). = v'-Ra n 2) 

u { (P)MP)u k {P r ) = r' 3 7V 

The above equation has been derived for homogeneous and isotropic 
turbulence, but it is not difficult to extend it to homogeneous anisotropic 
turbulence. 

Another approach to the theory of turbulence is to make a Fourier 
analysis of the turbulent fluctuations. One may introduce this through 
the correlation theory by the spectral tensor H\ t (*•'/) defined by the pair 
of Fourier transform relations: 






WyJJ 

/// 


0 . 3 ) 


It is clear from the second equation that ^(T nn represents the density of 
energy u'- in the x-spacc at frequency One may now obtain an equa- 
tion for the change of the spectrum S nn by a Fourier transform of (1.1). 
To complete the calculation one has to introduce the Fourier transform 
'Wuk of the triple correlation tensor Tm : 


•WucM = (9 Zyff / ;~y<^dr(t n ) 

u’ 3 T<M) = J f J V’<jMc- i i'Vdr(K„) 


0 A) 


A simple calculation then shows that (1.1) becomes 


,k. l 

— — b = — 2 vk 7 5 , i : (1-5) 

where 

*w« = iKjiytiik + a) (l.G) 

Each of the equations (1.1) and (1.5) consists of six equations. These 
are in general dependent on the coordinate system chosen. Invariant 
relations are obtained by a contraction, and equation (1.5) then becomes 
an equation for the change of energy spectrum. 

Further results on the spectral tensor have been obtained by J. 
Kamp6 de Fdriet (8) in the case of homogeneous anisotropic turbulence; 
we shall however limit ourselves to the case of homogeneous isotropic 
turbulence. Here von K&rm&n and Howarth have shown that, by virtue 
of the incompressibility of the fluid, there is only one scalar correlation 
function f(r,t) needed for characterizing R ik and another correlation 
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function h(r,t) for T ijk . Hence, equation (1.1) is essentially given by a 
single equation, which has been shown to be 


s (»'=/> + 2„'3 (| + f) - w (B + i|) (M) 


It is obvious that this equation can be obtained by a contraction of (1.1). 
Similarly, in the spectral representation, one scalar function, such as 
{Fiji-, is able to characterize the whole spectral tensor £F »-*; and the energy 
equation, obtained from a contraction, gives all the information con- 
tained in (1.5). This equation is more conveniently expressed in terms 
of the spectral function 


ff = 



( 1 . 8 ) 


since the second equation of (1.3) shows that 

m ' 2 = ff( K,t)dK 

If one further introduces the notation 


„„„ 4ir/c 2 „„„ 

W = -g- Wnn 


(1.9) 


(1-10) 


by analogy with (1.8), the final equation for energy transfer is then 


— + ^ = - 2 vk 2 $ 
at 


( 1 - 11 ) 


The relation between this equation and the Kdrmdn-Howarth equation 
is not hard to find. In fact, if 5F and W are calculated with the help of 
the first formulas of (1.3) and (1.4), straightforward evaluation of the 
integrals by the use of spherical coordinates in the £-space gives 


* = l ~ KSi'OOi, 

2 m ' 2 f 00 r 00 

“ — / f(r) cos Krdr, f(r) = / !?,(«) cos K rd>c 

w JO Jo 

2k 2 

w = T - kH x '{k)), 

2u' 3 f m [ oo 

k H 1 (k) = — h(r) sin K rdr, h(r) = / kH x (k) sin KrdK 


( 1 . 12 ) 


These formulas for 5F and W have been obtained by Lin (9) by a somewhat 
different approach. The above discussion is essentially the one made 
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by Batchelor (10). It is clear from this kind of discussion that the 
transfer of energy among the various frequencies is independent of the 
pressure fluctuations. 

The spectral equation (1.11) merely gives a different aspect of the 
theory without removing the fundamental difficulty inherent in this 
kind of approach to the theory of turbulence. There are still two func- 
tions occurring in (1.11): ff(x,0 and *V?(#c , ()• To resolve this difficulty, 
one must try to establish some relation between the transfer function 
V?(k,1), the spectrum JF(k,/), and the frequency k. The senior author 
proposed the relation 


= C {// |S(«')|Vw}{/ 0 ' {S(«')l i ’*"V M -*<fc'} C > 0 





(1.13) 

where a and /3 are 

constants, 

, This includes Heisenberg’s form 


f\V(K,l)dK 

-*{/■ 

ISOOI’V-’W} ■ {/„' !?(/)«'=*•} 

(1.14) 

when a — l, d ~ 

— and a 

modified Obukhoff’s form 


/<><* 

:,t)dK = C 


(1.15) 


when a — l, 1 9 = 0. It is essential from dimensional considerations 
that *W(K,t) must be of degree three-halves in both and k. 

With these assumptions, the future behavior of the spectrum is 
completely known, once it is given at a certain instant. In the present 
paper, we shall however not pursue this line of attack any farther. Wo 
shall turn back to more general considerations, such ns the similarity of 
turbulent fields. 

A very important step in the study of the spectrum has been taken by 
Kolmogoroff. Whereas the previous similarity considerations postulated 
that the correlation functions nnd therefore also the spectral functions 
be expressed by u' as characteristic velocity and a characteristic length 
for the scale, Kolmogoroff postulates that at. least at sufficicntl 3 r high 
Reynolds numbers of turbulence, the local turbulence shall depend 
only upon the kinematic viscosity v of the fluid nnd the total rate of 
energy dissipation 

* = -~df = 2y 1 0 &fMdK (1.1G) 

In other words, the characteristic velocity nnd length of the turbulent 
state at any instant shall be fully determined by these two parameters. 
It then appears from purely dimensional arguments that in such a range, 
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the characteristic velocity and scale are 

V = ( ve ) Vt , V = (^ 3 A) H (1-17) 

If one further assumes that when kij <& 1, the spectrum is independent 
of v, it then follows that 

fF = constant (1.18) 

which may be obtained from purely dimensional arguments and as a 
matter of fact was found by Obukhoff and developed independently by 
Onsager (11) and Weizsacker (12). Kolmogoroff applied his postulate 
to the correlation function and concluded that 

f ( r , t ) = 1 — constant u '~ 2 ( er )^ (1.19) 

in the limit of infinite Reynolds number. Equations (1.18) and (1.19) 
are essentially equivalent. 

Another general result is due to Loitsiansky (13). He noted that 
the K&rm&n-Howarth equation (1.7) can be integrated to give the 
invariant relation 

u n J Q f ( r ) r 4 dr = constant (1-20) 

provided the integral is convergent and the triple correlation function 
vanishes so rapidly at infinity that lim r A h = 0. It has been first shown 

r — ► co 

by the junior' author (9) with the help of equation (1.12) that this is 
equivalent to the conclusion that 

SF 

lim-7=/ 0 , a constant (1.21) 

k -*0 * 

This relation has also been found independently by Batchelor (10). 

The results of Kolmogoroff and Loitsiansky will play an important 
role in the developments of the present paper; but we shall chiefly be 
guided by the idea of self-preserving correlation functions, or what is 
equivalent, the similarity of the spectrum. 

II. Consideration of Similarity 

The energy distribution among the various frequencies is changing 
through the transfer mechanism and through the effect of viscous dis- 
sipation [equation (1.11)]. It is reasonable to expect that the exchange 
of energy among the various frequencies will cause the spectrum of 
turbulence to tend to be similar in the course of time. This is the 
equivalent to the idea of self-preserving correlation functions introduced 
by von K&rman. 
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Let us consider the equation for the change of spectrum 

^ = -2 vk*5 ( 2 . 1 ) 

dt 

and try to find a similarity solution. If V is a characteristic velocity, 
and l is a characteristic length, then, from dimensional arguments.* 

ff = V 8 ty(*), W = t « d (2.2) 

Thus, (2.1) becomes 

jj t uno + +y^ m + «-«> = - fj mo (2.3) 

If the similarity solution is to be valid, one must have 


1 dl 

-p — = «i, a constant 

(2.4) 

21 (IV 

V 2 dt n: ’ 

(2.5) 

Vl = 03 

(2.G) 


and the equation (2.3) becomes 

+ («i + «s)\K£) + 2 n 3 mO + tr(|) = 0 (2.7) 

Besides (2.4)-(2.6) it is evident that the quantities u '■ and c, according 
to the definitions (1.9) and (1.10) have to satisfy the relations 

(2.8) 

du' 2 V 2 f " 

-T = , = 2 ' f | «« < 2 - 9 > 

Finally if the convergence criteria for Loitsiansky’s relation (1.21) are 
assumed to be valid, we have 

T /2 Z 6 lim {^j = Jo (2.10) 

This system of equations presumes that the transfer term in (2.3) is 
considered generally of equal importance with the term expressing the 
viscous dissipation. It has been shown by Drydcn (14) in the equivalent 

4 This type of discussion is used in n memorandum by Lin to the Mechanics 
Division of the Naval Ordnance Laboratory during the spring of 19-18. Abstract of 
paper appeared in the Ihrfl. Am. Math. Soc., G5, 49 (1949). (Submitted June 28 
1948.) 
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problem of self-preserving correlation functions that such a solution is 
connected with the statement that the square of the characteristic length 
is proportional to the time t and the law of decay is expressed by u n ~ tr 1 . 
Heisenberg (3) indicated in a recent paper an equivalent solution for the 
spectral problem. It is easily seen that Dryden’s and Heisenberg’s 
solutions are at variance with equation (2.10). In other words, full 
similarity is only possible when we refect Loitsiansky’ s theorem. This fact 
has been noted by Heisenberg (3). In addition, experimental evidence 
clearly indicates that the law of decay and the behavior of the character- 
istic length during decay exclude the possibility to adopt full similarity 
as a general valid assumption. 

Let us consider now two opposite specific cases: (a) that the transfer 
term is considered negligible for all frequencies; ( b ) that the influence of 
viscous dissipation is restricted to high frequencies, whereas for low 
frequencies the transfer term is the prevailing factor. 

Case (a), w(£) = 0, leads to a solution of equation (2.1) which fur- 
nishes full similarity for all frequencies and also satisfies Loitsiansky’s 
relation. One obtains with £ = d and l = \fvt 

*5 = constant F 2 Z£ 4 e -2£l (2.11) 

or 

= constant F 2 Z 6 /c 4 e~ 2 ‘ , ’’ , . (2.12) 

By the definition of Jo in (1.21) we write 

= J 0 K i e~ Zr ‘ tt (2.13) 

The corresponding correlation function can be easily shown to be 

f(r,t ) = e~ r '' Srt (2.14) 

by using the first set of formulas in (1.12). This correlation function 
was noted by von Kdrmdn and Howarth, and discussed by Million- 
shchikov (15), Loitsiansky (13), and Batchelor and Townsend (16). 
The law of decay in this case is the five-fourths power law: 

n' 2 ~ (Z - Zo)“ H , X 2 = 4 v{t - to) (2.15) 

This law of decay and the corresponding correlation function has been 
verified experimentally by Batchelor and Townsend (16) for the final 
stage of decay. 

It is generally believed that this solution furnishes a fair approxima- 
tion for the final stage of the decay in any case and it is believed that it is 
correct for almost the whole process of decay if the initial Reynolds 
number of the turbulent motion is very small. 
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Case ( b ) has also been treated in the theory of self-preserving cor- 
relations by von Kdrmdn and Howarth and later by KolmogorofT (17)- 
The former authors came to the conclusion that any power law for the 
decay-time relation may prevail in the decay process. KolmogorofT 
pointed out that if one assumes the validity of Loitsiansky’s theorem, the 
relations 

u' 2 = constant /“ ,?i and X 2 = 7 vl (2.1G) 

must apply. 

The senior author dealt with the corresponding spectral problem in 
two communications (G) assuming the specific decay law (2.1 G). lie 
obtained results for the spectral distribution which arc in good accord- 
ance with measurements. Especially it appears that the spectral dis- 
tribution has the form $7 ~ k 4 for small values of <c and (r ~ constant 
for large values of *.* provided in the whole k - range considered the viscous 
dissipation remains small. We shall therefore refer to this case as the 
case with non viscous similarity.. 

The junior author (7) was led by his consideration of general similarity 
to a law of decay of the form 

u' 2 = a(l - / 0 )-« + b (2.17) 

where a is a positive and b a negative constant. 

Subsequent discussion between the authors resulted in an analysis 
which is believed to clarify the situation essentially and constitute the 
main substance of this paper. It requires the introduction of two ele- 
ments characterizing the process of decay: the time history and the initial 
Reynolds number. 

We consider now as case (c) the assumption that similarity extends 
over the whole frequency range, with the exception of the lowest. In 
order to satisfy Loitsiansky’s relation we assume that TF(k) behaves for 
small k as proportional to k 4 . 

The assumption is essentially the following. The deviation from 
similarity shall occur only for such small values of k that whereas the 
contribution of the deviation is negligible for computation of e [cf. 
equation (2.9)], it enters in the calculation of the energy [cf. (2.S)]. 

It appears that this assumption is equivalent to KolmogoroiT’s 
similarity hypothesis in Lin’s extended formulation. By using the first 
set of formulas in (1.12) one can easily verify that 

«'*(!-/) = c.^,- C.^+ .. . ( 2 . 18 ) 

where 

° 2n = (2 n + 1)(2» + 3) Jo *M K * ndK 


(2.19) 
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Thus, if the deviation from similarity has a negligible effect in e, i.e., 
C 2l then C 2n ’s are all proportional to F 2 Z~ 2n . This is the assumption 
made in Lin’s paper. Conversely, if the similarity of u' 2 (l - f) is 
assumed, the spectrum is similar to the extent that the moments C 2n 
are all proportional to VH~ 2n . 

The law of decay can be obtained from the general relations (2.4), 

(2.5) , (2.6), and (2.9), which are valid for any similarity hypothesis. 
One obtains the positive and negative half-power laws for the change of 
the characteristic length l and the characteristic velocity F, and the 
inverse square law for the rate of dissipation e. To be more specific, one 
may identify l and V with Kolmogoroff’s characteristic quantities [cf. 

(2.6) and (2.9)] 

v = (*»/«)* and v = (w) H (2.20) 

It can be easily seen by introducing these relations into (2.4)-(2.6), 
that the law of decay is of Lin’s form (2.17). 

For convenience of reference, the results are listed below with definite 
physical interpretation attached to the constants. The law of decay is 
given by 

e = (zyiojr* u ' 2 = (D 0 /io)t~ i - u%, x 2 = 10^1 - 

°( 2 . 21 ) 

where u D 2 is the additive constant giving the departure from similarity, 
and D 0 is the initial diffusion coefficient 

v' 2 X 2 

Do = lim — (2.22) 

(_» 0 V 

defined according to a formula of the kind suggested by von Kdrm4n (1) 
in 1937. The change of the characteristic velocity and scale, and of the 
Reynolds number of turbulence are given by 

* (10)“H«xovf-S v 2 = (10 i? x = R m (l - 

(2.23) 

where R\ o is the initial Reynolds number of turbulence, 

R\ o = lim-- (2.24) 

i ->0 v x 

It is evident from the equations (2.21) and (2.23) that the solutions 
obtained can only be applied to an early stage of the decay process, in 
which 10 u 2 D t/D 0 remains small. 

Most experiments on decay have been carried out for relatively small 
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values of Rm • They confirm the conclusions of Lin’s theory at least for 
the early stage of decay. In particular, the linear decrease of R\ is 
indicated. Also the few experiments where 7?xo is not small, show that 
in the initial stage the relation X 2 = 10 vl approximately holds. There- 
fore although no a priori reason can be found why the decay should not 
start according to the law specified by the nonviscous similarity theory, 
we propose that for the early stage the hypothesis of case (c) holds, what- 
ever the initial Reynolds number may be. 

In the next section a general discussion is given covering the whole 
process of decay. 

III. Proposed Theory 

The linear decrease of 7?x as given by Lin’s theory cannot last very 
long, because the slope of the (X 2 , vl) curve is given by 10[27< , x/77xo — 1] 
and therefore when R\ becomes equal to 1777x0/20, the law of decay is 
already similar to that governed by the nonviscous kind of similarity. 
[Compare (2.1G) and (2.23).] One may reasonably suppose that this 
kind of similarity then actually prevails. The physical basis for this 
change of nature of similarity will become clear after an analysis of the 
change of spectrum — as we shall do later. 

During this period of nonviscous similarity, the Reynolds number 7<\ 
keeps on decreasing and eventually becomes so small thnt the final 
period of decay is reached. If the initial Reynolds number 77xo is very 
large, the time required for this change from 177?xo/20 to small Reynolds 
numbers is very long. One would estimate a very long nonviscous 
period in which X 2 = 7 vl. This has never been thoroughly investigated 
experimentally: most of the measurements with high Reynolds numbers 
of turbulence scarcely extend beyond the early period. On the other 
hand, those experiments which do cover both the early and the final 
periods are performed at such small Reynolds numbers, that a complete 
omission of the range of nonviscous similarity gives a rather good descrip- 
tion of the decay process. 

We shall therefore devote our later discussions to cases where the 
initial Reynolds number is large. We shall consider the spectrum and 
the law of decay during the various stages in the idealized case of an 
infinite field of turbulence. In comparing the theory with experimental 
investigations, one must bear in mind that the actual size of the apparatus 
may be a limitation to the behavior of the largest eddies. 

First we note that KolmogorofT’s theory as discussed above, gives a 
definite meaning to the high-frequency components, at least for large 
Reynolds numbers. It is the range in which viscous effects arc dominat- 
ing and the major part of dissipation is occurring. On the other hand, 
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it contains a negligible fraction of the energy. The spectrum in this 
range depends on e and v. 

The part of the spectrum below this range is related to the large 
eddies which are the carriers of turbulent diffusion. It should be possible 
to characterize the spectrum in this range by a turbulent diffusion coeffi- 
cient D. It includes the spectrum for very small values of k which, as 
shown above, has the form J 0 k 4 and therefore is practically invariant in 
time. Then it includes those somewhat smaller eddies which significantly 
decrease in intensity, since they supply energy to the high-frequency 
range to be dissipated at the rate e. We shall therefore distinguish 
again two frequency ranges: (1) the largest eddies characterized by J 0 
and D, (2) the medium frequency range characterized by D and e. In 
other words, if V* and L* are the characteristic velocity and length of 
the largest eddies, and V and L are corresponding quantities for the 
medium eddies, we are assuming that 

VL = V*L* (3.1) 

which quantity is then regarded as the turbulent diffusion coefficient D, 
characteristic for low-frequency phenomena. 

We have thus divided the spectrum into three ranges: (1) the high- 
frequency range, depending on e and v, (2) the low-frequency range, 
depending on e and D; (3) the range of largest eddies, depending on D 
and Jo- By dimensional arguments, one can obtain the characteristic 
quantities and other general properties of the spectrum in the various 
ranges. These are tabulated in Table I. The formulas for the spectrum 


Table I 


Frequency range 
Basic characteristic 

(1) High 

(2) Medium 

(3) Low 

quantities 

v , « 

e,D 

D, J o 

Length 

V = (v 3 A)^ 

L = (Z>7e)* 

L* = (/o/D j ) h 

Velocity 

V = (ve)^ 

V = (D/«)H 

V* = (Di/Jo)* 4 

Time 

t = (r/e)^ 

T = (D/e)» 

T* = (JoV-D 7 ) 54 

Form of spectrum 


V 2 LF(kL) 

Fixed V* 2 L*Fi(kL*] 

lower end 

SF = const. 

5 = const. D 2 k 

SF = J 0 K* 


in the transition ranges can be obtained from purely dimensional argu- 
ments. They can exist only when the scales rj, L, and L* are very much 
different from each other. To examine the conditions required, let us 
note that 



(3.2) 
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We shall see that these conditions show that the x“ 54 -range would exist 
if the Reynolds number R\ is large, and that the linear range will exist 
during the early part of the history of decay. 

The above analysis of the spectrum enables us to give a very simple 
pl^sical description of the process of decay. We divide t lie process 
into three stages: (1) the early stage, (2) the intermediate stage, and 
(3) the final stage, in which the Reynolds number is small. This last 
stage has been fully clarified before and will not be discussed here. 

1. 'The Early Stage 

At the beginning of the process of decay, the small eddies, range (1), 
first reached a state of equilibrium. To this the low-frequency com- 
ponents, range (2), may be expected to participate through the mechanism 
of energy transfer. The ratios g/L, v/V, t/T must therefore be con- 
stants. This is the kind of similarity discussed as case (c) of Section II. 
The law of decay is characterized by (2.21) and (2.23). One can easily 
verify from (2.23) that the diffusion coefficient 

D = Vh vt) (3.3) 

is proportional to D 0 . We shall therefore identify D and D 0 since both 
are a measure of diffusion. This means that V* and L* arc fixed, since 
on the one hand we have V* 3 L* 1 = Jo, and on the other hand V*L* = D 0 . 
The large eddies are invariant up to the linear part of spectrum. 

The physical interpretation of the additive constant in (2.23) 
is now clear. From the above discussions, the spectrum must be of the 
type shown in Fig. I. The part of the .spectrum above the linear range 
shrinks radially inversely proportional to the square root of time [ef. 
(2.23) and the formula for the spectrum in Table I], The linear part 
and the lower frequencies are fixed. The additivo constant is simpl}' 
the shaded area, representing the deviation of the lowest frequencies 
from complete similarity. This can be seen by calculating it' 3 by inte- 
gration over the spectrum: 

u ' 2 = / *00* = v 2 j* <K£)tf£ - vl (3.4) 

which is the law of decay (2.17) first given by the junior author. 

The role of these relatively invariant large eddies has been inde- 
pendently discussed by Heisenberg (3), Batchelor (4), and the junior 
author (7). In particular, Fig. 1 is implied in Heisenberg’s discussion 
and haB been shown explicitly by Batchelor. 
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One can easily verify, with D — Do, that 



Comparing (3.2) with (3.5) this means that the k h range would exist 
when Rn is large, in agreement with the idea of Kolmogoroff. The 
second relation in (3.2), which is the condition for the existence of the 


Linear 



linear part of the spectrum, can also be easily worked out explicitly. 
One obtains 



Hence, by noting the fact that dh?/d{vt) < 10, one can see that L/L* <SC 1 
essentially for the early period when t/T* is small. That is why the 
above kind of similarity, which depends on the existence of the linear 
range of spectrum, can exist only during the early period. This is 
equivalent to the condition reached in Section II that 10u%t/Do should 
remain small, as will be demonstrated more fully with an example in 
Section IV. 

It may be noted that, in the above discussions, the existence of the 
k ^ range is not essential, and hence the Reynolds number need not be 
large. In fact, for small initial Reynolds numbers, the Reynolds number 
at the end of the early period may be so small that the final period already 
sets in. This explains the agreement obtained by the junior author in 
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comparing his theory with the experiments made by Batchelor and 
Townsend over the whole process of decay (7). 

2. The Intermediate Stage 

For large Reynolds numbers, after the disappearance of the linear 
part of the spectrum, the scales L and Lo become of the same order of 
magnitude, and it may be expected that the bulk of turbulent energy of 
scale L shares the behavior of the large eddies of scale L *. The ratios 
L/L*, V/V*, and T/T* are expected to be constants. These conditions 
lead at once to the law of decay discussed by the senior author. It is 
characterized by rfX ! /d(»'t) = 7. 

During this period, the spectrum at low and medium frequencies 
depends only on the parameters and «, and must therefore be of the 
form 

J ok 1 <V (kL) 

where 3>(kL) behaves ns ( kL )~' ii for k L» 1, and approaches unify when 
kL — ► 0. An interpolation formula for <I> has been suggested and checked 
by correlation measurements by the senior author (G). 

The diffusion coefficient in this range is easily seen to be proportional 
to u’W/v. Hence, the condition (3.2) is again that the Reynolds 
number should be large. When the Reynolds number becomes very 
small, the scales t? and L are of the. same order, so that there is only one 
scale for all frequencies. We then approach a complete similarity and 
are at the beginning of the final period. With reference to (3.2), we 
see that it should happen when /?>, is of the order of unity. According 
to the experiments of Batchelor and Townsend (10), the final period 
sets in at R\ 5. 

The intermediate stage is very long, if the initial Reynolds number 
is very large. It begins with some value of R\ close to R\o. During 
this period, R* changes according to the power law l~ iU . Although the 
supposed origin of time in this formula is unknown, it must be before 
the beginning of the early period, since the slope of the X : versus vt curve 
decreases. Thus, R\ becomes of the order of unity only when t is of the 
order of T*R\ o' 5 *. One expects therefore to find an intermediate stage 
many times the early period for very high initial Reynolds numbers. 
In such a case, the final period could probably never be observed in 
practice. Such predictions can only be checked by experiments at 
very high Reynolds numbers performed over an extended period of 
decay. For although the initial period is relatively short, it extends 
over a very long distance in the wind tunnel when the wind speed is high. 



16 


TH. VON kXrmAn AND C. C. LIN 


IV. Detailed Study of the Early Period 

It is instructive to work out in some detail the above general dis- 
cussions during the early period, in the case of high initial Reynolds 
numbers. In particular, we shall demonstrate explicitly that u% is 
proportional to V* 2 . We shall also demonstrate the precise meaning 
of the statement that at high Reynolds numbers of turbulence, the 
major part of energy lies in the low-frequency range and the major part 
of dissipation lies in the high-frequency range. 

The spectrum in the early period is given in Table I, with all the three 
ranges present. The intermediate range with 2F ^ tC Yi obtains when 
x = kt] <£ 1 and X = kL » 1 . Let us choose a frequency k 2 somewhere 
in this range. Then 


X 2 = KjLy> 1, X 2 = K2t] <K 1 (4.1) 

Since the ratio X 2 /X 2 is of the order of [see (3.5)], one may so choose 
k 2 that X 2 is of the order of R%, say, and x 2 of the order of R\o*- The 
numbers x 2 and X 2 are parameters depending only on R \ 0 but invariant 
with time. Similarly, one may choose a frequency Ki in the linear range 
of the spectrum satisfying the conditions 

Xi = k x L « 1, X* = Kl L* » 1 (4.2) 

The magnitude of a quantity here is, however, determined by the time 
history rather than the Reynolds number. 

Our present interest centers around the relative contribution to 
energy and dissipation in the high-frequency range as compared with 
those in all the other parts of the spectrum. Thus, the exact nature 
of the spectrum around the linear range is not too important; and for 
convenience, we shall approximate the spectrum by 

$(n,t) = J oK 4 for K < Kj 

= V 2 LF(kL) for < k < k 2 (4-3) 

= v 2 i]<f>(Kri) for K 2 < k 

where «i may be taken to be the intersection of SF = J 0 k 4 with the linear 
law constant D q k. The function F and <f> outside the range specified 
above will be defined by their limiting behavior. Thus, F(X) is propor- 
tional to X for small X, and proportional to X~ Y for large X; and 4>(x) 
is proportional to x Y for small x. The energy and its rate of dissipation 
are respectively given by 
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h - V + £ I' ♦«*«* - 4*4 


(4.4) 


for the spectrum (4.3). 

We want to show that, as expected, in the expression for the energy 
u'\ the part 

i/,' 2 = F 2 f* F(X)dX (4.5) 

related to the low-frequency components, is much larger than the part 

vk - = t> 2 4>{x)dx (4.G) 

related to the high-frequency components. On the other hand, in the 
expression for the dissipation </2i>, the part 


(i F 2 f Xt 

f = 7T / F(X)X>dX (4.7 

2 1’ L- Jo 

related to the low-frequency components, js much smaller than the part 


It 

2v 



(4.8) 


related to the high-frequenc}' components. In fact, we shall see that 


tq' 2 = u*'*0(XV) 

a = (kO (x* 4 ) 


(4.9) 


It is easily seen from direct calculation that 

V s = F 2 [ f Q " F{X)dX + 0(A'7 ?4 )] (4.10) 

and 

«F 2 = a 2 {Cxr* + fo(z) - 

where we have stipulated that #(x) ~ for small x. The second 

term may consequently be approximated by the constant value 


/ 0 " M*) -i Cx ?4 ]dx 

for small values of x 2 , and is therefore much smaller compared with 
Cx^. Now from Table I, we see that 



(4.11) 
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Hence, the above expression for u h ' 2 may be written 

u h ' 2 = CV*X 7*[1 + 0(xf)) (4.12) 

Equations (4.10) and (4.12) give the first relation of (4.9) desired. 
Indeed, by making use of (4.10) and (4.12), the energy expression (4.4) 
may be written as 

u' 2 = (1 — 8i)V 2 J Q F(X)dX — tuJqk-i, Si = 0(X 2 (4.13) 

Similar arguments lead to the second relation in (4.9) and indeed 
give 

~ = (1 — So) — f <f>(x)x 2 dx — KnJaxl, S 2 = 0(xf) (4.14) 

Zv V Jo 

Since V 2 ~ ir 1 and u 2 /V ~ t~ 2 , the additive constants in (4.13) 
and (4.14) are not important. For small but finite values of t, one should 
retain the additive constant in u' 2 but reject it in e/2v, because it is only 
part of the low frequency contribution, which is wholly negligible in the 
case of dissipation. Thus (4.12) and (4.14) agree with (2.21) if 

(1 - • f o m F(X)dX = 1, (1 - S 2 ) ■ / Q " <f>(x)x*dx = i 

and 

u 2 d — xi ;J o«i 

Since J 0 (4 = constant D\k\, it can be easily seen that (cf. Table I) 

u 2 D = constant V* 2 (4.15) 

From this, it follows that the estimation of the initial period made in 
Sections II and III are identical. 

V. Conclusion 

The proposed simple physical picture described in Section III explains 
all experimental data so far available. However, experimental data are 
yet lacking regarding a transition from the law X 2 = 1(M to the law 
A 2 — 7 vt during the early period. The experiments must be performed 
at very high Reynolds numbers over an extended period of decay. 

More careful experimental examination of the variation of R\ is also 
desired to see whether the law asserting its linear decrease in the early 
period is confirmed in all cases. According to the discussion of the 
junior author (7), the quantity G = /"’(O)X 4 should also decrease linearly 
in time, but the ratio G/R\ should be constant in any given experiment. 
It varies with the initial Reynolds number according to the relation 

G S , 30 
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where S = h'" (0)A 3 should be an absolute constant. The above formula 
has been verified by Batchelor and Townsend over a very limited period 
during which the variation of 7?x cannot be definitely established because 
of the experimental scatter. 

The best experimental check would be a direct examination of the 
similarity hypotheses by measurements of the spectrum and the correla- 
tion functions. In particular, it has been asserted (Heisenberg) that 
the appearance of a linear part of the spectrum is associated with the 
early period but not related to the Reynolds number of turbulence, 
while the appearance of the five-thirds power range depends essentially 
on the instantaneous value of Reynolds number. 

It must be kept in mind that all the above discussions hold onlj' for 
an infinite field of turbulence. If the scale becomes comparable with 
that of the experimental apparatus, c.g., the cross-sectional dimension of 
the wind tunnel, one would be determining the influence of the wind tun- 
nel instead of the natural properties of the turbulent field. 
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NOTATION 

( Bracketed symbols arc dimensionless ) 

C constant of proportionality in the linenrized Sutherland formula, 
equation (4.13) 
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Cv 
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i 

K(u ) 

fc, [fc] 
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q 
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tr 
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*, W 


w 

oo 
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compressibility factor (y — 1)M 2 or UJ/(c P TJ 
specific heat at constant pressure (ft-lb/sl deg) 
specific heat at constant volume (ft-lb /sl d eg) 
friction drag force (note Cv, = 2 c T0 \/ x/L ) 

dimensionless stress variable, Hantzsche and Wendt, equation (4.41) 
enthalpy per unit of mass (ft-lb/sl) 
dimensionless stress variable, Crocco, equation (4.30) 
coefficient of thermal conductivity (ft-lb/ft sec deg) 

Mach number along edge of boundary layer 
Nusselt number Qui/(fc 00 ^^ rI repreBentative) 
pressure 
velocity vector 

heat transmitted to fluid per unit of time and area (ft-lb /ft 2 sec) 

J o qwdx (ft-lb/ft sec) 

gas constant per unit of mass (ft-lb/sl deg) 

Reynolds number, mostly U„L/v„ 
absolute temperature 
stagnation temperature, equation (3.3) 
equilibrium or thermometer temperature 
temperature constant in Sutherland’s formula 
velocity components 
field coordinates 

Howarth’s transversal coordinate (ft) 

Blasius’ constant, 1.328 

heat transfer coefficient, mean and local (ft-lb/ft 2 sec deg) 

C p / C v 

boundary layer thickness 
displacement thickness 

solution of Blasius’ equation [used in a different sense in equation (4.10)] 
Blasius’ variable iy(U„/xvjW = ly(Re/xL) Vi 
(This letter is used in a different sense in section IV, 2A, 3B, 3C.) 
momentum thickness (also identical with t = T/T„ in section IV, 3C 
and end of section V, 3). 

form parameter in Pohlhausen’s quartic approx, method 
coefficient of viscosity (sl/ft sec) 

/i/p, kinematic viscosity (ft 2 /sec) 
density 

Cpp/k, Prandtl’s number 

viscous stress pdU/dy (c ro is the local wall stress coefficient) 
dependent variable in Howarth’s boundary layer equation, equation 
(4.49) 

stream function 

exponent in the viscosity power law p <= T u 
Subscripts 

value of a boundary layer function for y — 0 (may still depend on x) 
value of a boundary layer function for y = « (may still depend on x) 
standard state to be specified (also referring to Sutherland’s law) 
specifying stagnation values at the boundary layer edge 
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I. Introduction 

The problem of the mechanical and thermodynamical interaction 
between a stream of gas at high speed and a rigid surface essentially 
parallel to it has received, within the last ten years, a great deal of 
attention since it is of fundamental importance for high-speed aeronautical 
engineering as well as for the design and construction of gas turbines. 
It is true that a satisfactory theory of the interaction should include both 
laminar and turbulent flow in the boundary layer, but the dynamics and 
thermodynamics of the boundary layer must be cleared first in the lam- 
inar case before the complete problem can be attacked. 

This report presents a survey of methods and results concerning 
laminar boundary layers. Only the two-dimensional (plane) problem 
is discussed; two-dimensional solutions can often be applied to nxisym- 
metric problems without undue loss of accuracy. A remark about the 
general equivalence of the plane and axisymmetric problems is found in 
section V, 4. 

Non-stcady flow has so far mainly been considered in connection with 
questions of boundary layer stability, and recent reviews of this topic are 
available;* the present report can thus be restricted to steady b.l. flow. 

Although the mathematics used in the boundary layer literature pre- 
sents no particular conceptual difficulties, it is complicated on account 
of the number of parameters involved and because of the different 
approaches tried by different authors. The study of the original litera- 
ture thus requires a patient reader. Under these circumstances it 
seemed desirable to put together what may be called a guide to rather 
than a review of the existing literature on the subject. The core of this 
report is therefore an organized representation of the various formal 
approaches that have evolved; it is written with the intent to show the 
common traits. 

A never gratifying task is the choice of a suitable set of notations 
for a paper like this. The aim, of course, should be to retain as many 
of the original symbols as possible without sacrificing the readability of 
the review. It is hoped that the notation here chosen represents a 
reasonable compromise. 

II. Tiie Basic Equations 
1. The Equations of the Viscous Compressible Fluid 

To establish the equations of boundary layer theory, we have to 
start from the equations of motion for the steady flow of a cojnprcssiblc 

* Chiarulli, P., and Freeman, J. C., Tech. Rcpt. No. F-TR-1197-1A (1948), Air 
Mat. Cbm., Wright Field, Ohio. 

Lester Lees, N.A.C.A. Tech. Rcpt. No. 87G (1947). 
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fluid with variable viscosity. Assuming a two-dimensional field of flow 
and disregarding external forces such as gravity, the equation of motion 
for a fluid particle of unit volume is 

p(q grad) q = sum of surface reactions (2.1) 

where q is the vector of the particle velocity with components U and 7, 
and the symbol (q grad) stands for Ud/dx + Vd/dy. In the case of 
invariable density p and viscosity y equation (2.1) reduces to the well- 
known Navier-Stokes equations, the surface reactions being given by 
—grad p + p7 2 q. In general, however, the reactive force equals the 
divergence of the stress tensor — ( pi + P), I being the unit tensor. 
The components — p ifc of —P are related to the rate of strain tensor 
e,i and to its first scalar $ = <=11 + e 2 2 by 

— pa = 2yea + \6, —pik = 2yiik (2.2) 

According to a widely accepted simplification which is certainly 
legitimate for monatomic gases, the “second” coefficient of viscosity is 
taken as 

X = - ~ (2.2a) 

Since the strain rates e are connected with the derivatives of the particle 
velocity by 

in = U x , 2ei2 = U v -f- V x v 

2e 21 = V x + U v , e 22 = V v ^ 1 

equations (2.2), (2.2a), and (2.2b) permit one to express the reactive 
force, — div (pi + P ), in terms of the spatial derivatives 1 of U, V, and p. 
Equations (2.1) then assume the following form: 

P UU X + pVUy = -p x + y(U„ + Uyy) + ^ ( U„ ^ Vy X ) 

+ 2 y x u x + Py(Uy .+ V x ) - f y x (U x + Vy) (2.3) 
pUV X + pVVy = -Py + y(V XX +Vyy)+^ (U „ + V yy) 

-f 2flyVy + fi X (V X -f Uy) ~ %p y (U X + Vy) (2.4) 
These equations together with the continuity equation 

ic {pU) + 4 (pF) = 0 (2 - 5) 

l The influence of higher derivatives has been considered by G. Viguier, Les 
Equations de la couche limite dans le cas de gradients de vitesse (Sieves, Compt. rend., 
224 , 715 ( 1947 ). 
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which expresses the conservation of mass of the fluid particle in steady 
flow, constitute the equations of motion of the fluid. 

Wien the temperature T is included among the variables of the 
problem, we can formulate two further relations, viz., the equation of 
state and the viscosity law of the fluid. Throughout this paper we assume 
the validity of the perfect gas law 

V = pHT (2.0) 

and consider the viscosity as a function of the temperature alone: 

p - n(T) (2.7) 

Finally we use the energy equation to express that the flow is adiabatic,* 
i.c., no heat is introduced into an element except from the surrounding 
particles. Then the equation states that the rate of change of the total 
kinetic energy (— intrinsic plus kinetic energy) contained in a space- 
fixed volume clement equals the rate at which work is done by t ho external 
forces and surface, reactions, plus the rate at which total kinetic energy 
and heat is conducted into the element. In steady flow this energy 
balance can be expressed by the aid of (2.3), (2.1), (2.5) (see (1), p. 003ff.) 
in the form 

pq ■ grad E< -f p div q ~ <}> 4* div (/: grad T) (2.S) 

where E, is the intrinsic energy per unit of mass and I: is the thermal 

conductivity, a function of T alone; the dissipation function <f> is given by 

4> = p(2(CV + IV) + (V' + V v y - W's 4- V v )'} (2.8a) 

Equation (2.8) is valid for any fluid whose intrinsic energy is a function of 
T alone (cf. (18), p. 4]. 

We now assume in addition to (2.0) that E, — c r T with constant. c T 
and introduce the enthalpy per unit of mass 


I = c r T 4- - 

p 


CrT 


= Pq ' gmd P 


Using (2.5) one has 

V div q 4- q • grad p = div 

hence (2.8) may be written in the alternative form 

pq • grad I — q • grad p = <f> 4" div (k grad T) 
In the wider sense of the word. 


(2.9) 


( 2 . 10 ) 
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2. The Equations of the Boundary Layer 

The limiting process that leads to the conventional boundary layer 
equations in the incompressible case (2,3) can also be applied in the 
present case. Let us first introduce dimensionless variables 

u, v, £, 7], P, P, l , P 

by reference to a standard state po, Po, To = Po/ (Rpo), and to correspond- 
ing standard values po = p(T o) and ho = k(To)- We further need a 
standard velocity c = y/ po/ pa, say, and a standard length l. Substituting 

U = cu, x = 1%, T — T 0 t, p = pop, k = k 0 k 

V = cv, y = It), p = pop, p = Pop 


in equations (2.3), (2.4), (2.5), (2.8), one immediately verifies that the 
dimensionless form of the continuity equation is the same as in the original 
variables. When the transformed equations (2.3) and (2.4) are written 
in such a way that acceleration and pressure terms have their original 
form, the remaining terms exhibit the common factor (po/po)/(c£) = 
Re -1 . The transformed energy equation (2.10) reads, if use is made of 
R/c p = (y - l)/y. 


<y 2 

P(uts + vQ = [(up { + up,) + Re' 1 4>\ 

7 

+ Re- 1 (v-'kk) + ~ (c-'kQ 
Here 4> = p[2(rj 2 + u, 2 ) + • • • ] as in (2.8a) and 


( 2 . 11 ) 


Cpl* o 

a k 0 k 

is Prandtl’s number which from now on we assume to be a characteristic 
physical constant of the fluid, but entirely independent of its state. 2 

We now apply our equations to a fluid of small viscosity, that is, we 
want to retain only those terms that are significant at large Reynolds 
numbers. Simply to let Re — > co would altogether throw out the influ- 
ence of viscosity. However, a consideration of the actual flow of a 
viscous fluid past a straight boundary (ji = 0) shows the ij-component of 
grad p to be so large that the transition from q = 0 at the boundary to 
the value of q in the free stream is essentially completed within a thin 

5 Elementary kinetic theory gives <r = 4y/(9y - 5) (Eucken, 1913). For criticism 
of this result see Chapman and Cowling, The Mathematical Theory of Non-Uniform 
Gases, Cambridge, 1939. Actual measurement gives 0.715 for air at ordinary tem- 
perature and a few percent more for very low temperature. 
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layer. This behavior of the flow, which similarly occurs along any 
smooth boundary for not too small Re-number, suggests to go to the 
limit Re — * « under simultaneous preservation of the weight of the term 
8u/dg. Trying to do so, one may put 



<5 

dr)' 


with positive n and stipulate that du/dg' tend to a non-vanishing limit 
when Re— > ». Then the terms -j- in the dimensionless form 
of equation (2.3) transform into Rc io (/i»,v + fv l/ t’)> hence the factor 
Re -1 is canceled if one makes n = £. On the other hand, the term 
pvu,, of the left member of the same equation would transform into 
Re^ptuv. It therefore becomes necessary to make the additional 
provision that cRe* 4 remains finite with ever increasing Re. One assumes 
then 

tV = 0(Re)' 4 , v = 0(Rc“ J4 ) 


This calls for the following aflinc transformation to l>c applied to a 
narrow strip adjacent to the wall: 



(2.12) 

it assigns to any layer of finite breadth g an infinite breadth 
nate g when Re— > «>. At the same time, the velocity 
u, v must be subjected to 

in the coordi- 
■ components 

u = u' t v = v' Re -54 ; 

(2.12a) 

it is, of course assumed that a remains the same in the sequence of flows 
that belong to the ever increasing sequence of Re-values. 

In writing the resulting system of equations we omit the primes on 
v\ u', v'. Then the equations of motion reduce to 

0 = —f> v 

(2.13) 

(2.14) 

the continuity equation retains its form 


ft m + f w “ 0 

(2.15) 


and the energy equation reads, when (2.14) is taken into account, 


p( u h 4- vl v ) 


7 — 1 


[ u Vi + iMf] + 




7 


(2.16) 
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It is a simple matter to rewrite these equations in the dimensional 
variables, but the transformation formulas contain the Reynolds number 
( v = Re H y/l and v = Re^ F/c), hence the physical meaning of the system 
thus obtained [see the following equations (2.17)-(2.20)] is fundamen- 
tally different from that of the original system (2.3), (2.4), (2.5), (2.8). 
In the retransformation we naturally have to use a large but finite Re, 
hence the dimensional equations describe approximately the flow in the 
immediate neighborhood of the wall for a certain range of large Re-num- 
bers (but not so large as to make the flow turbulent). Since the transi- 
tion from (2.3), etc., to (2.13), etc., assigns to an arbitrarily small y > 0 
an infinite y, the free stream boundary is at infinity in the coordinate y 
and remains there in the coordinate y of equations (2.17), etc., the divisor 
R e^/i now being finite: In other words, the boundary layer fills the whole 
range 0 < y < °o . Hence it is only possible to introduce the concept of 
boundary layer thickness, when solutions of the system (2.17)-(2.20) 
and their asymptotic behavior for large y-values have become known 
[cf. (28), pp. 13, 17]. 

It makes no difficulty to carry out the same limiting process in the 
case of a smoothly curved cylindrical wall. For constant p and p this 
has been done in reference 3, p. 517 [see also (1), p. 121] and the same 
method works in the present case. The resulting system of equations 
is identical with the one for the plane wall, the meaning of x and y in 
the general case being the arc length along the wall and the distance 
along the normal to the wall respectively. 3 The dimensional boundary 


layer equations follow here : 

p(W.+ F!7.)--p. + A(^) (2.17) 

Pv = 0 (2.18) 

l W + Ty G-n - 0 (2.H) 

P c p (UT x + VT y ) - pJJ = pUfi + ~(k — \ (2.20a) 

\ dy / 

The alternative form of (2.20a), developed from (2.8), is 


pc v {UT x + VT y ) + p(U x + V v ) = pUfi + 4- (k ^ (2.20b) 

d v \ ty/ 

According to this derivation the second equation of motion for a curved wall is 
P* ~ 0 and not p v = pku 1 , k being the curvature. [See also (4, 28) and on the other 
hand (1), p. 120 and (18), p. 6.) Thus it is unnecessary to distinguish between a 
plane and curved cylindrical wall, Vx being the only “external” parameter of the 
problem. 
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The usual boundary conditions for viscous flow require q — 0 at the 
wall, while the wall temperature may be prescribed as a function of x: 

y = 0: U = V = 0, T = T v (x) (2.21) 

(Solutions that would satisfy a given TV-dislribution have not become 
known so far, except in the case of a thermally insulated wall where 
T v = 0.) 

At the free stream boundary the ^-distribution may be prescribed, 
but only the z-component of q may be given in advance: 

y - •: U m = T„ = T v {x) (2.21a) 

In the actual application of (2.21a) two further restrictions arc made: 

(а) one identifies with the tangential velocity of a certain inviscid 
flow past the given rigid boundary, disregarding the contribution of V 
to the velocity q*. 

(б) the flow at the boundary of the free stream is assumed isen- 
tropic [or piecewise isentropic (shock)]; then only one of the three func- 
tions T m , U a , p K may be chosen freely. Once this choice has been made, 
p, p. and the conditions (2.21a) arc fixed. In other words, the “exter- 
nal” parameter p T and the functions f/ w (r) and T K {x) must belong to the 
same stream filament of a certain isentropic flow. 

III. The Simple Problem 

This section gives a brief survey of the older papers that deal with the 
“Crocco integral” of the plate problem; thermodynamic and analytic 
aspects will be found in sections III, 2 and IV. The term “simple” is 
meant to specify: a = 1; p. = 0, which implies T K — constant, U„ = 
constant; T u =* constant, including the case (T v ) v = 0. 

1. History and General Character of the Solution 

The uniform flow along a thermally insulated plane wall was studied 
in terms of boundary layer theory by Pohlhauscn in 1921 [plate ther- 
mometer problem (5)3 for small flow velocity and small temperature 
differences, hence constant p and p. With these simplifications the t riplet. 
(2.17)— (2.19) may be solved independently from (2.20); Pohllmusen 
can therefore use the known solution of Blasius’ plate problem 4 (9). 

4 For constant p, p, and p x = 0, (2.17)— (2.19) can bo reduced to t" + tt" «=> 0, 
with f = f cs 0 for 17 = 0, and p «= 2 for jj *= », where f* = 2u => 21//C7* and 
v = \y[U m /(xv)\^. The function f(t;) that solves this boundary value problem is 
known as Blasius’ function. (Note that in reference 9 Blasius writes £ instead of jj. 1 
The number a = f"(0) = will be called Blasius' constant; ij is often designated 
as Blasius’ variable. 
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He determines from (2.20) the excess of the equilibrium temperature T e , 
shown by the thermometer, over the actual stream temperature T„ as a 
function of <r and finds for <r = 1 the result T e — T M -j- U x 2 /2c p . Thus 
the wall temperature T w = T e equals the free stream stagnation tem- 
perature or, stated differently, the point function c P T + U 2 /2 assumes 
the same value at y — 0 and y = °° . 

Ten years later Busemann in his report on gas dynamics (6) was able 
to point out that this function 6 (also written I + U 2 /2) is actually 
constant throughout the entire boundary layer along the plate and obviously 
so in the uniform free stream; and that this is also true for a compressible 
fluid with T-dependent g, provided <r = 1. In other words, c P T + 
U 2 /2 = constant is a particular integral of the boundary layer equations 
with a — 1 and p x = 0, fulfilling the boundary condition T v — 0 for 
y = 0; the constant must equal the stagnation enthalpy of the free 
stream. 

In the following year (1932) Crocco (7) discovered the more general 
integral 

r /2 

c p T + ~- = c p (aU + V) (3.1) 

which solves the same problem for positive or negative heat exchange 
between fluid and plate when constant T w T e and T„ is prescribed. 

Busemann (8) was the first to attempt the determination of the flow 
field U(x,y) that belongs to the Crocco integral and is given by equations 
(2.17)-(2.19) with p x = 0. By introduction of the variable y/ \/x the 
problem is reduced to a boundary value problem of an ordinary third 
order differential equation for u = U fU This equation includes 
as a special case the Blasius equation, the numerical solution of which is 
very accurately known, but this circumstance is not fully exploited. 
The velocity profile u vs. 77 = |?/[{/ M /(i('Jl M is computed under the 
assumption g oc T 0 - 5 for the case of no heat transfer and shown dia- 
grammatically at a free stream Mach number M = 8.8. Over the whole 
range 0 < M < the initial slope of the velocity profiles steepens 
only by 20 % of its value at M = 0, where it coincides with half the value 
of Blasius’ constant 

a = 1.328 

the profiles themselves straighten out with increasing M. 

On the basis of this last result Kdrmdn (10) [see also (11)] assumed a 
linear velocity profile and estimated the drag coefficient 6 Cd s by means of 

6 Often called total energy or total heat, per unit of mass. 

* Coefficient of skin friction referring to the wetted surface. 
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the momentum theorem. For large he obtains 

. \ -(u-l)/2 

l + — ~ M-J (3.2) 

where w is the exponent in the viscosity law p « T u and Re refers to the 
length of the wetted area. Note the great practical importance of the 
correct choice of 01 . 

In 1939, Kdrmdn and Tsien (11) reexamined the question of ithc 
velocity field by means of a more efficient mathematical method. They 
subject equation (2.17) to the Mises transformation (2,3) which consists 
in the introduction of the stream function as independent variable 
instead of y. The resulting boundary value problem involves again a 
partial differential equation for u — U/U* in the independent variables 
x and SI/. In analogy to the variable y/Vz, they introduce the inde- 
pendent variable ^/\fx and thus obtain a boundary value problem for u 
that involves an ordinary differential equation. This problem has a 
unique solution which therefore must be equivalent to the solution of the 
original problem. 7 The parameters p and p that appear in the equation 
are functions of T and, by (3.1), functions of u. An essential point is, 
however, that the equation can be solved by successive approximation, 
the first approximation being the known solution of the Blasius equation. 

The numerical computations arc carried out on the basis of the 
viscosity law p « which is a good approximation to reality at 

ordinary temperatures, first for the boundary condition (T v )x, = 0 
(Fig. 1) and, secondly, for T m = AT V (Fig. 2). The diagrams show the 
velocity and temperature fields vs. 277 in the two cases for Mach numbers 
up to 10. In the opinion of the authors the very large temperature 

7 The fact that U depends only on y/y/x is directly related to the transformation 
that connects the system (2.13), etc., with the system (2.17) etc. A completely 
specified boundary layer flow past a straight wall with constant boundary values 
Tu, T m , U„ can be transformed in many ways to nondimensional quantities. "We 
may, for example, choose a set of different characteristic lengths U but keep the other 
scale standards such ns To, c, etc., constant, obtaining in this way n certain set of 
transformations. But l docs not occur explicitly in the system (2.13), etc. nor docs 
il appear in the boundary conditions of the problem, hence there is only one dimension- 
less system with one dimensionless solution. Tiiis solution assigns to the point £ => 1, 
V, let us say, the {-velocity «. In the physical plane the velocity U *= cu is then found 
at all points a;,- = U, => Ur, j/Rcd* <= n y/To Since the hare arbitrary, it follows that 
U must be the same whenever yi/yfxi is the same, which implies that U depends on x 
and y only through y/y/x. The same conclusion applies to T, p{T), p(T) and V y/x. 

The equivalence of the substitutions y/y/x and "i'/y/x becomes npparent, if one 
considers that in ^ = J {<y x dx -f "i'ydy) the first and second integrands have the 
forms lfi(y/\^x)]_/ y/x and f /y/y/x) respectively [cf. equations 4.1]; one finds then 
easily that 'i/y/x is a function of y/y/x. 
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rise at the insulated wall for higher M calls for a revision of the assumed 
^//’-relation and for consideration of the radiation losses. 

In the subsequent period the plate problem has been treated under 
more realistic assumptions about <r (<r„ ir = 0.72) and the ^T-relation. 
We think here of the later papers of Crocco, of the work of Hantzsche 
and Wendt, and Emmons and Brainerd. Also Howarth, in his analysis 
of the general boundary layer problem on the basis of a = 1, p °c T, 
returns to the simple problem as an example for his approach (17). 



Fig. 1 Fig. 2 

2. Heat Transfer Characteristics 

Let us first rewrite the energy equation (2.20a) so as to make the 
existence of the Crocco integral (3.1) evident. Since the latter involves 
the total energy I + U 2 / 2, we shall introduce the function 

U 2 

T* = T + ~ (3.3) 

£Cp 

instead of T. (The term “stagnation temperature” will be applied to 
T* although the flow within the boundary layer is, of course, not isen- 
tropic; T* is the temperature of a fluid element on being stopped isen- 
tropically.) Divide (2.20a) by c p and rewrite kT v /c P as follows: 

i T ’ " " [ 0 “ ') + 1 ] T " - * (j - r, + * (jv * - 1 ui k,) 
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Then (2.20a) becomes 

p, • grad r - £ P. + (; " l) £ W + £ ( 

+ (34) 


On the other hand, multiply (2.17) by U/c p and rearrange the second 
member. Then 


pq ■ grad 



U ,10 

— 7>r i V* 

c r c P 0 y 


{ftUUy) 



(3.5) 


Equations (3.4) and (3.5) add up to 

P q • grad 5"* = ± („r v ‘) + 0 - l) 1 (p'/y (3.0) 

(3.!)') 


When a = 1, 




constant 


is thus always a particular integral regardless of the distribution of p 
(or T m , UJ) at the free stream boundary; it solves the simple problem 
in the case of no heat transfer ( T v — —UCJ v /c r vanishes at the wall) 
for any given distribution of U K , say, and therefore represents the most 
general integral (in the scrisc of restriction (b) at the end of section II, 2) 
of the simple boundary layer problem, when T v = 0 is prescribed at the wall. 
Note that it implies T u - = constant. 

When, in addition, p is constant, (3.6) and (2.17) read 


pq • grad T = iL or/) 

(3.7) 

pq • grad u = §jj (<*(/«) 

(3.8) 

If we now search for a solution T* that is a function of U alone, the sub- 
stitution of such a T*(U) in (3.7) must not set a new condition for U. 
But that will always happen unless 

T* = a(/-f6 

(3.9) 


The new integral (3.9) belongs to the boundary condition T u - 
constant (= b), but applies only when p, and thus T„ and U n , are con- 
stant. Hence ( 3.9 ) solves the svnplc boundary layer problem in the case 
of a uniform free stream along a boimdary kept at constant temperature. 

Expressing (3.9) in terms of 

U , T 
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and introducing the free stream Mach number M by 

UJ 7-1 


one has first 


2c v T, 


M 2 


'P-L oo 


t — tw “h ciu 


U, 




(3.11) 


(3.12) 

For u = 1 one has t = 1 , which determines a in terms of the other con- 
stants, hence a = [( 7 - l)M 2 /2 - (4, - 1 )]/(UJTJ, and 

t = t w + u [ 1 -~ M 2 - ( t w - 1 ) J - u 2 M 2 (3.13) 

The direction of the heat transfer depends on the sign of 

(dt\ _ (aU m \ fdu\ 

W- ~ VT^J \dtl' (3.13a) 

Now, {du/dy) w > o for an “unseparated” boundary layer, whence 
heat flows to the fluid if T ~ 1 2 < ^ _ j 

heat flows to the wall if — — — > 4,-1 

2 

I^ileTnot’enl °° mS % oal: ' P° ssibla if r - > T„, but this condition 
ne does not ensure cooling action of the stream on the wall The 
second case occurs whenever T ^ v „ a ■ T . ' 

to bo rpmmrnri 1 w ^ an( ^ IS importance if heat is 

cooling action of the c ”?,'' Again ' T " < T ~ alone doei! not tK " 

caused h“ t ° °a , °? the stream - *“» tha Presence of the wall 

removed from the'slm “ ‘ he ( bo ™ da V layer. It is true that heat is 
depends on ^l v'. bUt whether tbe stream is cooled or heated 
ferred to the wall h'h et ' Teen tbe heat produced and the heat trans- 

u-distribution [of. the Im^in (lyTSol "’ ith ° Ut ° f ““ 

1 L directly mla« to the ratio 
to the fluid per unit ef a 1 *"’(■' be the heat flow 

wall, then there Taltys “ “ d tbe fricti » aaI ^ss at the 

— = _ (Ty) w 

Tw flu, lu y ) w (3.140 

hence, whenever T is a function of V alone. 


,{dT\ 
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independently of x. In the present case, (3.9) yields ( 'dT/dU) v = a and 


Qic 
7" IT 



if- - (/„ - 1) 


(3.14) 


which represents Reynolds’ analogy s (187*1) corrected for compressibility, 
in the case tr = 1 . 

Further anatysis of the heat exchange characteristics must be made 
in terms of a certain parameter K 0 that is associated with the velocity 
field U(x,y). The function U(x,y) is the (unique) solution of (3.S) and 
(2.19), when p and p are known functions of U by (3.13); we shall have 
to use the fact that is a function of ')'/\/x. (cf. p. 31, ftn.). 

According to the momentum theorem ((1), p. 132] the stress at the 
station a: of a plate of length L is given by 

r„- = ^ JJ p{U„ - U) Udy = l/Vl p(l - u)udy (3.15) 
and the drag coefficient is 

Cn, = 2 (//' r,r/jr )/pJAJJ i (3.10) 


The integration with respect to x can be performed, if the particular 
form of the dependence of u on x and y is utilized: v is a function of the 
dimensionless f = i>/ \/x/L , or of 


f = to- mkc/Vx//; 


(3.17) 


where Re = UJj/v m . Since pU = p„' V v [sec (4.1)], and p is also a func- 
tion of f, we may substitute for dy in (3.15) 


dy ^ 3 - 18 ^ 

On identifying the streamline T = 0 with the plate surface and excluding 
the singular point x = 0, the range 0 < y < » is mapped on 0 < f 
< 00 . Substituting as indicated, we obtain 

and (3.10) yields 

VRS = 2 / Q " (1 - u)d f (= 2/Co) (3.20) 

'Papers on Mcch. and Phys. Subjects, I, p. 81. This relation wns rediscovered 
by Prandtl in 1910, Physik. Z., 11, 1072. 
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This important relation is the root of the (approximate) equation 
(3.2). The integral in (3.20), which wfe denote by K 0> depends on the 
coefficients of the polynomial (3.13) and on the viscosity law. 9 Thus, 
for fixed thermal boundary conditions and a specified viscosity law, K a 
is still a function of M (see Fig. 2 in (11) and our Fig. 5). In the particular 
case pn = const, that is, p. « T, K 0 no longer depends on T„, T„, ikf; 
its numerical value is then 

K 0 = ~ = 0.664 


and this remains true even if v ^ 1, as will be seen later [(16), p. 18]. 
When we consider K a as the basic physical parameter of the problem, 
then (3.19) describes the dependence of r w — p w (dU /dy) w on x and K 0 , 
and the slope of the velocity profile can be expressed in the same terms: 


(db\ Yk 

\dy) w 2 Lh w \x/lJ 

According to (3.14), q w /T w is independent of x, hence 



(3.21) 


(3.22') 


Using (3.14") and (3.16), we obtain for the heat transmitted to the fluid 
through the area L X 1 per unit of time 


rt Tj 2 t f^T\ Ko 

Vw = —p<oU m 2 L — T/v ) —7= 

Vw \ dU J«, VRe 

The mean heat transfer coefficient (3 m may be defined as 

Pm = (Qw/L)/{T W - TJ 
and the (dimensionless) Nusselt number 


Nu = 

can be written in the form 


Qu 


_ ftmL 

k„(T w - TJ ~ k„ 


(3.22) 


(3.23) 

(3.24) 


Nu = - VRe K 0 (t u - 1) = VRe K, 1 - - ( | ( y ^ (3.25) 


9 The differential equation that determines u(f) contains the parameter pfi. See 
later equation (4.10). 
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when the constancy of a and c P is used io eliminate h and g. Introducing 
here the free stream stagnation temperature T«* which, according to 
(3.3) and (3.11) equals T„ -f- [(t - i)if s /2 )?«, wc obtain 


Nu = \/Re Ko 



(3 .25 a) 


Observing that Ko is a slowly varying function of M we notice that the 
influence of compressibility on the heat transfer characteristics is mainly 
due to the increase of the excess stagnation temperature T„* — with 
increasing U K , when 7V and T„ are kept constant. Equation (3.22) 
may now be written 

Q,- = -/:» v^A' 0 (r«* - T,) (3.25b) 


This relation is due to Crocco (1032); the same law governs the boat 
transfer at low and high speed, but at low speed T„* may be replaced 
by T m . The quantity T is sometimes called the effective temperature 
of the gas stream. Also equilibrium or thermometer temperature are 
in use. All this is only correct if a - 1 . 


IV. The Mathematics of Boundary Layer Theory 

In this section we shall present a number of transformations that 
have evolved in the search for practical solutions of the boundary layer 
problem. The final aim in every case is, of course, the numerical tabula- 
tion of solutions, but let us try to distinguish for the purpose of the 
discussion between (1) transformations that work under suitable simplify- 
ing assumptions about the parameters g, p, and a , (2) transformations 
that adapt the compressible boundary layer equations to the application 
of approximate methods developed for the incompressible boundary 
layer, and, finally, (3) transformations that, prepare the equations for a 
numerical computer (case p z = 0 in (14,15), case p~ = constant in (IS) 
which gives an excellent survey of the numerical-analytical methods 
available for this problem). 

1. Transformations That Work under Suitable Simplifying Assumptions 
about the Parameters g, p, and a 

This type includes (a) the Miscs transformation applied by Ktirmdn 
and Tsien (11) and quite recently'- by Chapman and Rubcsin (19,21); 
(b) the transformation used by Crocco (12, 1G), and by Hantzschc and 
Wendt (13); (c) Howarth’s transformation (17). 

Kalikhman’s transformation (20) prepares the boundary layer equa- 
tions for the application of Pohlhausen’s method. Ilowarth uses his 
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form of the boundary layer equations for the same purpose and also for 
an extension of the power series methods to the compressible case. 

We start with a brief discussion of the transformations (a), (6), (c) 
whose common aim is separation of the unknowns, which is possible 
under certain conditions. 

A. The Independent Variable Sk ( von Kdrmdn and Tsien, Chapman and 
Rubesin) — The Viscosity Law. On introducing the stream function for 
compressible flow \E r the continuity equation (2.19) is identically fulfilled: 


U =^%, V — — — (4.1) 

P P 

Here is supposed to be constant; we thus assume a uniform free 
stream, i.e., 

Px = 0 (4.1a) 

The stream function & is now introduced as a new independent variable. 
The derivatives f x and /„ of some j{x,y) in terms of the new variables 

S — x, T = SI r(x,y ) (4.2) 

are 

“ 8z di + W ^ = Sv d!§ + ^ 


where the derivatives with respect to S and S? have been written in the 
d-notation. By (4.1) and (4.2) we obtain 




lv Poo d* 


when the dummy variable S is discarded. Hence 


(4.4) 


7.+ 7/,-pg 


(4.5) 


and equations (2.17) and (2.20a) read after division by pU, when k/c p is 
replaced by p/<r, 


dT 

dx 



(4.6) 

(4.7) 


We add here for later reference the equation that is obtained when ^ 
is introduced as a new unknown instead of XJ in equation (2.17), that 
being the original Prandtl-Blasius method of combining (2.17) and (2.19) 
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into one equation. Retaining the term p s , we have to use in (4.1) some 
standard p, instead of p m which is now variable. The resulting equation 
is 


\T/ — >1/ >1/ r=r 

^ y ^ ry x z * vv 


Vt , ± 

p> dy 



(4.6ft) 


This is o third order equation, the form of the “viscous” term is such ns 
to require further transformation, as in (4.G). 

Returning to the Mises transformation, we introduce dimensionless 
variables in (4.6) and (4.7) ns on p. 26 and specify the standard state 
by and T n , set c = U„ and l = plate length L, and take a dimension- 
less stream function 


JL. (JkY = * - 
uj\c) vurXc 


(4.8) 


where C is a dimensionless quantity that will be adjusted later. The 
system (4.6), (4.7) reads then 

du d (pp du\ n . 

a? = a?Vc’'a?) 

oi pp , .... . (diiSr . l a (pp et\ . _. . 

d$ c + cW\c u dt) ^ 4 ' 9b ^ 

Equations (4.9) and (4.10) become independent of each other in 
either of the two cases 

(a) a = 1 

03 ) PP = C 


For a = 1, the analysis of our system has already been indicated 
in terms of the equivalent equations (3.7) and (3.8), and the particular 
integral (3.13), where t = second order polynomial in v, is available for 
the boundary condition T v = constant. In that case equation (4.9b) 
need no longer concern us, and p, p in (4.9a) are known functions of u. 
Equation (4.9a) with C — 1, together with substitution (3.17), which 
now reads f = leads directly to 

f du d ( du\ , , , _ . 

2 “ 5? \ vpp w) ( 4,1 °) 

This equation marks the starting point of the computations in (11). 
[For an account of the iteration method which is used see (21) where the 
same problem is solved, upder different boundary conditions.) 
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The assumption j3 


mp = C 


(4.11) 


especially with C = 1, has often been used. Howarth applied it together 
with o- = 1 in 1948 to obtain solutions for nonvanishing pressure gra- 
dient; his method of attack will be presented later. For our present 
purpose the physical significance of this and other assumptions about the 
viscosity law should be pointed out. 

Because of (2.6) and (4.1a), (4.11) implies 


_p_ = CT 

P=0 T x 


(4.11a) 


and is therefore a special case (u = 1) of the power law p « T u . The 
correct 10 physical law that represents accurately the actual variation of 
p for a gas above the critical temperature is Sutherland’s formula 


rp H 

F+7. 


(4.12) 


where the value of the constant T, is about 120°C (216°F) for air. If 
(4.11) is to be approximated by a power law with a simple rational 
exponent then, according to (18), p. 15, one should use 

% for 90° < T < 300°K 
£ for 250° < T < 600°K 


but the straight approximation p/p TO = T/T„ that meets 


p« 


T\* T„ + T, 

tJ t + t. 


(4.12a) 


at T — T n [it is tangential to (4.12a) when = T„] becomes unsatis- 
factory at an elevated T x , particularly when the wall temperature T w 
is higher than T„ (see Fig. 3). 

The inaccuracy inherent in the linear viscosity law can be corrected 
to a certain extent when the linear approximation (4.11a) with C 9 ^ 1 is 
used. The factor C may depend on T w and T x and also on M. One 
may, for example, choose C in such a way that the line (4.11a) intersects 
the curve (4.12a) at T w instead of at T n . Then one has 


C = A E T* + T ‘ 


T„ T w + T a 


(4.13) 


This simple artifice that enters the actual computation only at the stage 
of equation (4.8) has been recommended by Chapman and Rubesin in 


10 In the sense of the kinetic theory of gases. 
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their analysis of the boundary value problem T v = T v (x), V* = 0 (19)» 
after Chapman had applied it in (21). Then the product pp - C would 
also be a function of x, but that, obviously, would have no bearing on the 
problem posed by equations (4.9a) and (4.9b). 

Wien we put pp = C in (4.9a) the variables p and p are no longer 
"visible”: 



But this equation could have been obtained by applying transformations 
(4.2) and (4.8) to equation (2.17) with constant p and p. The solution of 



Fig. 3. Sutherland's formula, power law, and linear approximations. 

(4.9a) is therefore supplied by the Blasius function f(rj) (see footnote 4). 
Equation (4.14) becomes in fact identical with the Blasius equation on 
setting 

u = U\v) and t/Vl = f(i?), (4.14a) 

and the equivalence of the boundary conditions for u is obvious. The 
full set of boundary conditions for (4.14) follows here for convenience: 


w — 0, l — fu>(£) at \p — 0 (y — 0), £ 0 . r x 

u — 1, t — 1 at \p — m (y — co) v.-°l 

In equation (4.9b) u is now to be considered a known function, but of 

V- This necessitates a further change of independent variables from 

(£>#) to (£,77). The derivatives of some function^f,^) transform accord- 
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ing to 


, = df_dl±L 

d£ dy 2£ 


/♦-* 


d v {■' VS 


(4.16) 


where f' = df/dy. Using these formulas one obtains the transformed 
equation (4.9b), 

0 + <«») 

a linear inhomogeneous differential equation for t, which is the basis 
of the further investigations in (19). Connection with the physical 
variable y can be made as follows. By (4.1) and (4.8), 

y = f — Try = \/v a JjC/U a [ — — at constant x or £ (4.18) 
Jo p dU Jo p u 

Substituting pjp = t and introducing y according to (4.14a), one obtains 
y = VvJLC/U „ t ■ 2 Vi dy = 2 y/v n Cx/U n Jj tdy (4.18a) 


Thus the range 0 < y < <» is mapped on 0 < y < *>, which can also 
be concluded from (4.14a) since £(y) — » °o f with y—>°°. 

B. The Independent Variable U ( Crocco , Hantzsche and Wendt). 
Crocco’s transformation introduces the velocity U as second independent 
variable beside x. Instead of (4.2), we have S — x, U = U(x,y) and 
because of 


U x 


dy/dx 

dy/dU 


and 


U v 


1 

dy/dU 


(4.19) 


the derivatives of some function f{x,y) transform into 


h 



( dy/dx \ df 
\dy/dU) dU’ 


f = ( 1 ^ ^ 

Jv \dy/dU/ dU 


(4.20) 


Again under the assumption p x = 0, equation (2.17) transforms into 


-pUp- + P V = — ^ 

p dx^ pr dU dy/dU 


(4.21) 


and the continuity equation (2.19) takes the form 

r/M _ d V d (pU) , d(pF) _ 
dU dx dx dU dU u 


(4.22) 
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where y and V are now the' unknown functions. The structure of these 
equations suggests the introduction of the viscous stress 


r = yU v = 


dy/dU 


(4.23) 


instead of y, as well as the elimination of the unknown V. This lca-ds 
to the second order equation 

"5 (?)+&-» 

When the energy equation in the form (2.20a) is transformed and dy/dU 
and pV are again replaced according to (4.23) and (4.21), one obtains 



4 . 1 *11 *L 

+ 2 dU dU 




= 0 


(4.25) 


This form of the boundary laj-cr equations exhibits the unknowns T 
and r, that is, the physical quantities of primary- practical interest. It 
will also be noted that equation (4.25) is of first order in r ! and contains 
only the derivative of r * with respect to U. Thus a complete integral 
could be given for r in terms of the derivatives of T and in terms of U, 
and an arbitrary function of x, which, if substituted into (4.24), would 
lead to a single integro-dificrcntial equation for T that describes the 
whole problem. It seems however, that the latter result (which is still 
true if p x is retained throughout the transformation) is only of formal 
interest. 

As before, the restriction p x = 0 entails T — T„ = constant for u = 
U„. The corresponding boundary condition for the stress r is obviously 
r = 0. At U = 0 we choose" T v = constant but dr/dU must needs 
vanish there [put U = V = p x = 0 in (2.17), then 0 = t v , which is 
( T / y)dr/dU by (4.20) and (4.23)]. As in (4.15), the singular point 
x — 0 must be excluded. 

The next step in Crocco’s analysis must correspond to the substitu- 
tion (3.17) of (11) or (4.14a) of (19). In the present case we use the fact 
that T is a function of U alone not only in the simple, but also in the 
restricted problem. This, quite obviously, must be so, since both T 
and U are functions of y/\/x (see footnote 7), and becomes apparent if 
one introduces 

r=fi(x)MU) (4.26) 


n One might call this the restricted problem. It is identical with what was called 
previously the simple problem except for a rt 1 . 
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in (4.24) and (4.25) and puts dT/dx = 0. One then obtains 12 


/i(z) = 


1 

\/2x 


(4.27) 


hence f 2 (U) = r y/2x, and the following system of ordinary differential 
equations for / 2 and T results: 

w + fipU = 0 (4.28a) 

(c P T" + <x)fi + (1 - a)c P T'h' = 0 (4.28b) 


where the prime denotes differentiation with respect to U. 

Introducing dimensionless variables u, t, p, p as before and the stress 
field coefficient 


2 T _ 2 / 2 ( 17 ) 

P*VJ p x U m 2 -\/2x 


(4.29) 


we define a dimensionless function of u 

K(u) = VRi VWL ( = J ----r 7 - s MU)) ( 4 - 3 °) 

\ V P coM 20 U co / 

to replace fi(U). Then the system (4.28) reads 

KK" + 2 ppu = 0 (4.31a) 

[t" + <r( 7 - l)ilf 2 ]I? + (1 - t r)t’K' = 0 (4.31b) 


the primes now denoting differentiation with respect to u. The dimen- 
sionless boundary conditions are 


K' — 0, i = T a /T„, at u = 0 
i? = 0, t — 1, at u = 1 (4.32) 


The total friction force F can be calculated by a simple integration 
over x, 


F = 



pJJjt-LKp 

\/Re 


(4.33) 


where r 0 and stand for t^o and K n = 0 . Equation (4.33) is equivalent 
to (3.20). The parameter K 0 introduced in (3.20) appears now as the 
initial value of the basic dynamic variable K(u) in Crocco’s analysis. 
The return to the field variables x, y is effectuated by integrating r — 
p(dU/dy ) at constant x: 

y{x,U) = (4.34) 

“Equation (4.24) yields [l//i(zMl//i(z)]/dz = -{MJD&lf^UWdlW/wU, 
wMcli must be a constant (say, 1) since p and p depend only on U through T. 
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Substituting for r according to (4.30) one has 


V 



or 



(4.35) 


■which determines the Blasius variable 77 in terms of the solution of the 
transformed equations. 

Equations (4.24, 25) arc also the starting point of JInntzschc and 
Wendt (13). In their notation, r = H(x)G(U) corresponding to (4.2G), 
and IJ(x) = l/\^x corresponding to (4.27), so that G — /:/\/2 and // = 
ft \/2- The further analysis is based on a viscosity power law p « T“ 
where u is so chosen that touches the Sutherland curve (4.12) at T 
= TV This leads to 


P / T\ _ 3 1 

\tJ ’ " 2 1 + T, 'TV- 

On introducing the usual dimensionless v, but g(v) and j by 


(4 .36) 




G{U) = ^ 




2 


'/(«) and 


c P T 


tVj, (4.37) 


one obtains as equivalent form of (4.23): 


m" + « (uy~“ = 0 

0" 4- cr )(7 + (1 - a)g'j‘ = 0 

with boundary conditions corresponding to (4.32). 
The condition of vanishing heat transfer 

— = 0 or ~ = 0 at 7/ = 0 
dy dy 

reads in the variable u 


(4.38a) 

(4.38b) 


(4.30) 


l' - 0 or j' = 0 at ?/ = 0 (4.40) 

[cf. equations (4.20) and (4.23)]. The relation 

v 5 - -M - (rT'"''KM (4.4i) 

yields immediately the equations corresponding to (4.33) and (4.35). 
The latter reads now 


/2*p„ f u (T\ du 

J yu mP „] 0 \rj g 


(4.42) 
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C. The Stretched y Coordinate ( Howarth ). Howarth’s transformation 
has been devised to attack the boundary layer problem in the case of 
nonvanishing pressure gradient. But as Cope and Hartree point out 
(18), analysis in general terms must be abandoned at a very early stage, 
unless the introduction of the term p x is accompanied by a considerable 
simplification of the other terms. Thus Howarth adopts the assumption 
<r = 1 and puts p « T; the product pp is no longer constant, but depends 
on x. 

Since p x is not a constant either, we refer the stream function 4 r and 
the functions p and p to some standard state T,, p„ p„, to be specified 
later. Thus we have 


IL = TJL = H. 

P. T, p,p s p» 


(4.43) 


The subscript °o in (4.1) and (4.7) is to be replaced by s. The same 
applies to the equation of motion (4.6), and its second member must be 
augmented by the term —pJpU. Since we have in viscid flow at the 
boundary layer edge, 


_L -±( tt dU A - T U ~ dU °° 

Up Px Up\ p ' oU '° dx ) T a U dx 


(4.44) 


where ( U , p, T) and (U„, p„, T„) refer to the same ^-coordinate, of 
course. The augmented equation (4.6) reads 


dV_ __ T U x dU x . p d ( n dU\ 
dx T„ U dx +v 'p, d<!r\ d*J 


(4.45) 


since p does not depend on \K. 

With the idea of simplifying the “viscous” term and removing the 
factor p/p s , we introduce a new independent variable Y by setting 


± ac (p\~*±± 

a* W u dY 


(4.46) 


that is, we transform variables x, SP into S, Y by 

S = x, Y = ~ Q a length) (4.46a) 

Using, as on p. 38, subscripts and 5-notation to distinguish between 
old” and “new” derivatives, 13 we obtain for some function/ 

f = M _ 1 / p\~ H 

Jx dx dY dx U \pj 


15 Derivatives in (4.45) should now be redenoted by subscripts. 


(4.47) 
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while the right member of (4.4G) gives /*. 
equation (4.45) reads after multiplication with 

r dU du/py* a* _ TJ du„ 
u dx dV\p.J dx “ dx 


Then the transformed 


U 

T , d'U 
T„ + d Y z 


Consider now the term with d'Y/dx. According to (4.46), U = (p/ 
pJ-^dV/dY, where ^ is now considered as a function of x, Y, But p 
being independent of Y, we can now introduce a quantity 

xfr.E = (£) W) (4.10) 


that plays the role of an “incompressible” stream function in the “dis 
torted” plane x, Y (but only for the component U) since obviously 


T . _ a x (r,n 

dY 

For the term dty/dx wc obtain 


(4.50) 


M' = (pX* £* _ ^ / A' 4 (dx 

dx \p,J dx 2 p, \pj \p,J \dx 



(4.51) 


In (4.48) we now replace U and dty/dx according to (4.50) and (4.51) 
and observe that bj' (4.44) 


P z » * dl K p j . d (j ^ 

* ' 00 r » 1 " " t# tfs J ' 

V dx p K dx a*- 


(4.52) 


where a M , a function of x, is the local velocity of sound at the boundary 
layer edge. Then (4.48) takes the form 


where 


£x d : x _ 3 : x dx _ j . dlla, r , 0*x 

dY dxdY dY- dx " dx ^ y ‘ dY a 


G = 




(4.53) 


It will be noticed that transformation (4.46) is, in a sense, inverse to 
the Mises transformation (4.4). Hence wc could have started with 
equation (4.6a), applying first the transformation equivalent to (4.46a) 


Y = 



(4.54) 


and then (4.49). This, actually, has been Howarth’s representation (17) . 
oubtlessly the relation between the x, y- and x, T-planes is better char- 
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acterized when (4.54) is used in the first place. Starting from (4.6) 
requires, on the other hand, somewhat less “algebra” and gives the 
single steps perhaps a more compelling appearance. 

Since a = 1, and only the boundary condition T v = 0 will be con- 
sidered, the general integral of the energy equation is 

T* = constant 1(3.9')] 

This implies 

2c p T 1 + US = 2 c p T 2 + US (4.55') 

valid for any pair of points (l), (2), but when we apply (4.55') to pairs 
(x,y), (a;, °°), then it becomes a relation between two functions of (x,y) 
and two functions of x and may be written 

~ = 1 + \ ~ (UJ - U 2 ) = 1 + MJ(l - u 2 ) (4.55) 


Substitution in equation (4.58) makes the compressibility factor G 
appear in the form 


G = 1 -f- 


7~1 
2 a„ 2 



7 d 2 x 

2aJ X dY 2 


(4.56) 


In the incompressible case, a„ = <» and G = 1. 

Thus Howarth’s transformation presents the equation of motion 
in a shape that is formally identical with the Prandtl-Blasius equation 
of the incompressible case (4.6a), the entire influence of compressibility 
being concentrated in the factor G of the pressure term. For uniform 
flow (simple problem) equation (4.53) is altogether identical with the 
corresponding incompressible problem, and the compressible solution 
can be obtained by subjecting the plane x, Y of the associated incom- 
pressible flow to the (inverse) transformation (4.54). 


2. Transformations Adapting Compressible Boundary Layer Equations 
to Application of Approximate Methods Developed for 
Incompressible Boundary Layer 

A. The Stretched y-Coordinate ( Kalikhman ) — Generalization of Pohl- 
hausen's Method by Kalikhman . In Kalikhman’s analysis (20) the 
unknown function T is replaced by the stagnation temperature T* of 
equation (3.3). The value of T* at the boundary layer edge is a given 
constant which may be used as a reference temperature also in the 
general case p x 0. We now admit T w — T w (x), denote the dimension- 
less temperature by t = T/T„* as before, introduce the dimensionless 
stagnation temperature t* = T*/T x * and the excess of the stagnation 
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temperature over the wall temperature at the same x-section 

E * = T* - T v with E„* = T m * - Tv and E«* = 0 (4.57) 


Then 


/* _ 


1 - 


E 




E' 


= 1 + 




E. 


E* 


T u 


E. 


(4.58) 


and the dimensionless temperature can be expressed in terms of U, 
E *, and the given quantities t v and E„*: 


l = 1 



(4.59) 


This representation of t is valid everywhere in the boundary layer; for 
the boundary layer edge we have in particular 


/» = 1 


US 

2C./JS 


(4.59') 


Under certain conditions equation (4.59) assumes the form of Crocco’s 
integral. Indeed, on introducing the boundary condition t v = 1 in 
(4.59) one obtains a relation that is equivalent to (3.9') namely T * = 
T„ *. If this is substituted in the energy equation (3.G), there results 
(ir -1 — 1 )d(fiT v )/dy = 0. It follows that one must set tr = 1. We con- 
clude therefore that the boundary condition ( v = 1 or Tv = T m *> often 
called complete temperature recovery, can only be fulfilled in a fluid 
with tr = 1; it obviously implies ( T v ) v - 0. The boundary condition 
L = constant ^ 1, however, leads to Crocco’s integral (3.9) only if 
U m is constant and E*/E„* = U/U„, a relation which in itself is equiva- 
lent to (3.9). 

It is convenient to write 


0- = 


U* 


2c„T m * 


Then the pressure is 

V = Pail ~ V'SF'lr-n 

density and viscosity are known in terms of U and E*, 

p = psi l - VST'^-v/t 


(4. GO) 


(4.61a) 

(4.61b) 

(4.Glc) 


P« = Ps/{ 1 - US) my ~ l) 

M = psl u (say) 

where U n (x) is a given function, p B and p B are the stagnation values of p 

and p along the boundary layer edge, p s = KT„*)> and t is given by 
(4.59). 
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only. Then (3.6) transforms into 



The viscous terms in (4.66) and (4.67) exhibit the same second order 
“operator,” which we can write in the form 

D<» s v,(l - 

dij 07) 

it is applied to U and E* respectively. 

We now turn to Kalikhman’s generalization of Pohlhauscn’s method 16 
for the case of the compressible boundary layer. As is well known, 
Pohlhausen replaces the actual velocity profile u(x,y) by a quarlic in 
y/ 8, where 6 is the thickness of the boundary layer. “ In the approximate 
solution 8 is to be regarded as a convenient parameter rather than as 
a dependent variable whose value is sought” {( 1 ), p. 15S, where Pohl- 
hausen’s method is reviewed). In the present case hro such thickness 
parameters are needed, namely, 

5 = dynamic b.l. thickness, A = thermal b.l. thickness 


both arc functions of a*. 

It is also convenient to introduce u = U/U„ and a dimensionless 
excess stagnation temperature 


c* 



T * - 7V 
TV* - TV 


(4.68) 


The approximating profiles of the velocity and excess stagnation tem- 
perature distributions are now assumed ns 

•i i 

( 1 ) u = 2 Mv/ZY ( 2 ) c* = 2 B ^y (4.69) 

1 l 

where tj is the variable defined in (4.62). The eight coefficients are 
determined in the same way as in the incompressible case. Six linear 
equations are obtained if one requires u and e* to approach the value 1 
at 7]/ 8 = 1 (t?/A = 1), and this so smoothly that first and second deriva- 
tives with respect to" 77/5 ( 77 /A) vanish. Two further conditions reflect 


16 E. Pohlhausen, Z. angew. Maihem. Mcch., 1, 257 (1921). See Also NACA, 
Tech. Mem. No. 1217, p. 83ff., which is a translation of a course of lectures given by 
H. Schlichting in 1941 at Braunschweig. The method has been systematized by 
Howarth in 1935 (A.R.C. Repls. and Memo. No. 1632). 


/ 
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the behavior of U and V at rj = 0: the first members of equations (4.66) 
and (4.67) vanish at n = 0 (corresponding to y = 0), which implies 


' 

D^U = - £= U X UJ 

p 

D&E* = 0 


at t\ = 0. 


(4.70a) 

(4.70b) 


Because neither U„ nor E x * depend on ??, one may rewrite these equations 
as 


2>»tt = -jUj] 


D^e* = 0 


at = 0 


(4.71a) 

(4.71b) 


substitute the approximative profiles (4.69) for u and e*, carry out the 
differentiations in (4.71), and finally put y = 0. Then a linear relation 
between A 2 and A 1 B 1 . and another one between B 2 and B 1 2 is obtained; 
the first one, developed from (4.71a), involves an expression which cor- 
responds to the conventional form parameter A = — d 2 u/[d(y/8)] 2 at 
y — 0, namely, 

X = 6*UJt w *-/va0. - O^i+y/Cr-D (4.72a) 

and in addition a known function of x, namely, 

a = (1 - «)(1 - 1/Up) (4.72b) 


The second one, developed from (4.71b), involves only a. 

The six linear relations serve to express the A 2,3,4 by Ai and the 
-82,3,4 by B 1 exactly as in the incompressible case and lead, of course, to 
the same formulas. Then one calculates from conditions (4.71) 


-4i — 


6 - (3 


12 + X 

- V9 - 12cc)8/A 


Bl = — 12a (4.73) 


a 


We now have to set up the relations that take the place of the differen- 
tial equation for the momentum thickness 

+ + < 4 - 74 > 

with 

0 ino = f S u( 1 - u)dy, Si iM = j Q 6 (1 - u)dy 

in the incompressible case. Equation (4.64) and the left member of 
equation (4.66) have the “incompressible” form, hence we obtain by 
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integrating (4.6G) over 77 from 0 to « [(1), p. 132] 


U'dr) - U a 


Ud V = U„U a 


^ 7 - - (*1.75) 

p ps 


where r„ is the stress at the wall. Upon substituting for pjp according 
to (4.61a), (4.61b) and (4.59) and some rearranging, if is possible to 
express (4.75) by the following three integral parameters: 

0 = 1 — u)dT] momentum thickness (4.7Ga) 

5i = J o * (1 — n)dj 7 displacement thickness (4.76b) 

A* = J o & (1 — c*)di 7 thermal mixing thickness (4.76c) 

(The limit «> has been replaced by 8 and A respectively, ns usual.) 

When we introduce the abbreviations 


U 2 l 

^ = I ( 7 _ \)MJ, 

(1 - UJ) 2 vr 


A- “ 1 = - 1 

1 - IL- 


where is the variable local Mach number along the boundary layer 
edge, equation (4.75) becomes finally 

_ -f. [(^ -f. 2)0 + ( <pi + l)5i + <Pi&*] - j (*1.77) 

The energy equation (4.G7) is now integrated in the same manner. 
We first rewrite, using (4.64), 

U(dE*/dx) -f V{dE*/dri) = d{UE*)/ Ox -f d(VE*)/d v 
and 

~U(dE m */dx ) = -d(UE w *)/dx - 7? K *(5Up7) 

Then (4.67) integrates to 

~ [ " t/(£* - = T -A tT 1 .*] " = (4.78') 

01 Jo LP.v 1 ’ Jo p.sc r 

since <r = l. lc Upon introducing a fourth integral parameter 


0 = J Q u(l — c*)dy energy thickness ( 4.7Gd ) 

18 Equation (4.77) is actually a general form of the momentum equation, since 
<r = 1 has not been used in its derivation; also, equation (4.78') remains correct if 
ff ^l. Yet the method seems to work only under the condition a =» which is 
responsible for the relatively simple form of the crucial relations (4.73). 
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equation (4.780 takes the form 

dQ UJ E a *' g„ 
dx^ U m ^ E m * psU a CpE K * 


(4.78) 


Equations (4.77) and (4.78) represent two momentum equations 
of the compressible boundary layer, one corresponding to the integrated 
equation of motion, the other to the integrated energy equation. 17 

The further steps in Kalikhman’s paper follow closely the conven- 
tional Pohlhausen method. The stress r w and the unit heat transfer q w 
can be expressed by the first derivatives of the polynomials (4.69) at 
i] = 0, that is, by r B a 4i and q w Bx\ the factors of proportionality 
depend on the given boundary functions t a and U m , on co, and on 5 and 
A respectively. The four integral parameters (4.76) must be evaluated 
in terms of A i, B i, 5 and A; the corresponding formulas are given in 
(20). (Note that for 0 two expressions are obtained, depending on 
whether A < S or A > 5 is assumed.) 

Since X is known in terms of 5 by (4.72a), equations (4.77) and (4.78) 
represent two simultaneous differential equations for two of the boundary 
layer parameters, say 5 and A. The question of the initial conditions 
for these equations is discussed in (20) as usually, that is, in connection 
with the existence of a forward stagnation point (x = 0) at a cylindrical 
obstacle, and the variation of X„tsz (= 7.052 in the incompressible case) 
with (i«)*_o is tabulated. 18 To obtain a practical solution of the system 
(4.77) and (4.78) a method of successive approximations is outlined in the 
form of a generalization of the method developed by Miss Lyon. 19 

Unfortunately, Kalikhman’s paper contains no numerical details 
with the exception of a diagram showing results obtained for a lens- 
shaped profile (Nu vs. x/c at M = 2 and 6 for t w = 0 25). Thus it is 
impossible to balance the amount of numerical work against the accuracy 
obtained. It seems also doubtful whether the quartic approximation 
of the e ‘-profile is better than an approximate solution of the energy 
equation that might be developed on the basis of the Crocco integral 
(cf. the remark in (18), end of sec. 3b, for the case {T v ) w — 0). Note 
further a similar attempt by Young (25, sec* 3) who avoids the use of a 
second relation such as (4.78) by reasonable assumptions about the 
quantities that correspond in his analysis to h/ 6 and S/6. 

17 Also the terms momentum integral equation and energy integral equation are in 
frequent use. A different form of (4.78) is found in (1), p. 613ff.; cf. also F. Frankl, 
CAHI Report No. 176 (1934) (Russian) equation (2.10) and the preceding one. 
Another form of (4.77) is found in the following section IV, 2B. 

IS According to the first equation (4.73), X = -12 determines the separation 
point (t„ = 0) as in the incompressible case. 

18 H. Lyon, The drag of streamlined bodies. Aircraft Engineering 6, 233 (1934). 
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B. Generalization of Pohlhauscn's Method by Howarth. Ho worth, in 
(17), also developed a generalization of Pohlhausen’s method. Recalling 
the subject of that paper which is the case <r = 1, y « 7’, p- ^ 0, (T v ) a 
= 0, we can set up the momentum equation by specializing (4.77). 
Denoting the momentum and displacement thickness with respect to 
the variable Y [equation (4.54)] by O' and h\' respectively 50 and observing 
that <p% in (4.77) vanishes for the present case, we rewrite (4.77) in terms 
of Y. When the (freely choosable) standard subscript s in Eq. (4.54) 
is temporarily identified with the stagnation subscript S, equations 
(4.54) and (4.G2) imply 

d i = (f) dy < "' hcnce °' - (£) o- *■' = {§-) 

and Eq. (4.77) takes the form 

[O' {2 ~ WJ) + V (1 +^(T ~ 1)^*)] = y s 

(4.80) 


The old notation s may now be restored in (4.80) and (4.54), since S 
occurs in both equations solely as subscript of r. 

It will be noted that integral parameters such as 0 and O' do not trans- 
form into one another [cf. (4.79)] and thus have no independent physical 
meaning. They represent the “momentum thickness” with respect to a 
certain coordinate (i? or Y). If one introduces the “natural” momentum 
and displacement thicknesses 



and 



(4.81') 


one obtains either by transformation of equation (4.77) or by integration 
of the original equation of motion (2.17) and use of (2.19) the following 
form 6f the momentum equation 


d0 e 1 dU„ 
dx U to dx 


[(2 - MJ)0< + 





(4.81) 


Returning to equation (4.80) which is a particular case of (4.81), 
we note that there is, of course, no need for a counterpart of equation 
(4.78) since the correct integral of the energy equation now is known 
and has already been used 21 in setting up (4.80). The conventional form 

= f‘ «(1 = f*'\ l -u)dY. 

” In the form of ■= 0 or t u = 1 , which is equivalent to T* = constant fcf 
p. 49). 
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of the Pohlhausen method may therefore be used, that is, one expresses 
the quartic by which u is approximated in terms of the two quartics 22 
Fi(Y/S') and F^Y/S’) and the form parameter X: 

u = = Fi + XE 2 (4.81a) 

U 00 

As before, the equation of motion (4.53), applied at Y = 0, yields the 
condition for X. One has 



and by (4.81a) and (4.50) 


d 2 u 

S'2 

6 3 x 

U(7/S') 2 J» " 

b 8 

II 

< 

1 

_aF 3 J, 


where 5' is the boundary layer thickness in the coordinate Y. Con- 
sequently 

X=^^(? WJ G w = 1 + MJ (4.83) 

Vs dx 2 

Equation (4.83) differs from the corresponding incompressible equation 
only by the factor G w . 

The integrals 6' and 5i can be evaluated in terms of 5' and, by (4.83), 
in terms of X. Substitution in (4.80) finally yields the first order differ- 
ential equation for X that determines the problem. It reads, when 
derivation with respect to x is denoted by a prime, 

V = fr 2 h + \)+^{g + MMVh + X) + i( 7 - 1 )j ] } (4.84) 

where < 7 (X), h(\), j(\) are certain rational functions of X tabulated in 
(1,17). 

Howarth applies equation (4.84) to estimate the influence of com- 
pressibility on the separation point in retarded flow. If a linear velocity 
lapse = Uq — xUi is assumed X can be found by a quadrature, 
provided M K ( x) is replaced by an average value M. In this case the 
separation point abscissa x Kp is found to move upstream with increasing 
Mach number. This is seen from the velocity dr'op between 0 and x KV 
which is 12% in the incompressible case if computed by power series 
methods; it decreases in the present case from 15.6% to 4.4% when the 
Mach number at the leading edge x = 0 increases from 0 to 10. We shall 
return to other results of (17) in the section on results. 

22 See (1), p. 158 for F , and F 2 . Note that F”{6) = 0 and G"(6) = -1. 
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A thorough analysis of the general use of Pohlhausen’s method in 
compressible boundary layer problems is found in (18), section 4a. The 
case under consideration is a 9 ^ 1 (but of the order of 1), p s — 0, and 
(T v ) a = 0. It is assumed that the energy equation is integrated with 
enough accuracy by T* = constant so that the factor p/p M in 0 C and 
5i e [see (4.8T)] can be expressed in terms of and u by means of (4.55). 
The velocity distribution is again assumed in the form u — F\ + XF» 
as in (4.81a), but the functions F x (y/h c ) and F«(y/6 e ) are left undeter- 
mined. Under these fairly general conditions Cope and Ilartrec develop 
from (4.81) the differential equation for X which is the analogue of 
equation (4.84). This equation, however, is not yet explicit in X; the 
integrals 6 C and S x e can be written in terms of the following two integrals 



1 ± \/aU 


a 


Vi 

1 + Vi 


(4.85) 


but these should be explicitly evaluable in X, to make the method prac- 
tically useful, that is, applicable without too early recourse to numerical 
methods. This condition, however, restricts the choice of functions F x 
and F 2 essentially to quadratic polynomials; even so the equation for X 
becomes complicated enough, and one must accept the low level of 
accuracy inherent in the quadratic approximation of u. 


3. Transformations That Prepare the Equations for a Numerical Computer 

A. Series Expansions (Ho worth). Ilowarth in (17) and particularly 
Cope and Ilartrec in (18) have extended the method of scries expansion, 
so well established in incompressible boundary layer theory, to the 
present problem. A first insight into the characteristic difficulties can 
be obtained by studying Howarth’s treatment of the linearly accelerated 
flow. The leading assumptions have been given at the beginning of 
section IV, 1C. The starting point is equation (4.53) with 


U a = fix, 


- 


c ' 1 + W b ! - (Ip)] - 


(4.8G) 


The solution of this problem in the incompressible case is completely 
known (flow in the vicinity of a stagnation point [see (1), p. 139]); one 
chooses, of course, a method that takes advantage of that knowledge. 
We first express a„ in terms of the given U n , 


nv 


(4.87) 
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and identify the standard state s in (4.53) and (4.54) with the state of 
stagnation along the boundary layer edge. Now we expand 


- =-( 
fl« 2 da 2 \ 


1 + L^i^ + 


da* 


•) 


(4.88) 


and introduce this expansion in expression (4.86). The term G& 2 x then 
takes the following form: 


Gpx = p 2 x 1 


-f /3 4 x 3 



7 - 1 ( 3xV 7 3 2 x] 

2 da* \dY ) 2ds 1 X 3F 2 J 

(y — l) 2 / 3 xV 7(7 — 1) d 2 xl 
4a s 4 \dYJ 4as 4 X 37 2 j 


+ . . . 


(4.89) 


In the incompressible case the conventional method is to introduce 
one independent variable ij <= y/x Q , and to try the unknown stream 
function in the form « x p f(ri). This procedure works also in the more 
general case U m = fix™ and leads to p = 1, q — 0, if m = 1. In analogy 
to the incompressible case we put 

V = (£ )“ Y, X = M)K* [,*) + ^/aO?) + • • • ] (4.90) 

(Note that, according to (4.89), only odd terms in x are required.) 

Substitution of (4.90) in the equation of motion (4.83) and comparison 
of the coefficients of x, x 8 , etc., leads to a set of differential equations 
for the f n ■ We quote the first two of them: 

fi' a +/>/i" = 1 +//" 

4//// - 3/ i"fa - fifz" = 1 ~~ (1 - D ~ + /»"' (4-91) 


The first equation is indeed that which belongs to the incompressible 
problem G — 1 ; it is a special case of the Falkner-Skdn equation 23 asso- 
ciated with JJ X — (3x m , and was already given by Blasius in 1908. 

Each of the successive equations in the set (4.91) introduces one 
now function /(tj), so that each equation is for one unkn own only once 
the preceding equations have been solved, but note that each equation 
represents a two-point boundary value problem: for 17 = 0 all /„ and 
jV vanish [cf. equations (4.49) and (4.50)], for v = » there is fi' = 1 
and fa' = ft' = • • • = 0. 

A tabulation of / s is found in (17), including its first and second 
derivatives. It turns out that /,'( v ) is confined to the range ±0.01, 

” Cf. (1), p. 141. 
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and since this is the first term that modifies the associated incom- 
pressible” xr-value P x fi(.v)t one concludes that the deviation from that 
value is of the order of 1% up to x ~ a*/ (3. This means that the Mach 
number dependence of the t/-distribution is essentially contained in the 
change of scale from Y to y. To evaluate U one must, develop the 
inverse of equation (4.54), that is 


y = 




(4.92) 


Here T/Ts has to be expressed in terms of U, using the integral of the 

T 

energy equation, (3.9'), which we may write in the form — — 1 — 


^ JJ-. This permits an expansion of (4.92) in terms of integrals 
2 Qs~ 

over// 2 , etc., the leading term of which is given by 
14 


y 


(-T ( v iT [ i ?*'■ (i + /■" + /./■' - /."(o))l 0.93) 

\p / \p / L 4ao* 


In (17) Howarth also studies the influence of compressibility on the 
known incompressible solution for the more general flow near a stag- 
nation point, U m = ^ /3 n x n , and for the retarded flow, U„ = Uo — 

i 

U ix. The general assumptions are the same as before, the method in the 
first problem is an expansion similar to (4.90) 

x = WO* 4 * [Ftiv) + xFitn) + x-Fih) • • • ] (4.94) 

but the aim is to obtain a subsidiary system of differential equations 
that is independent of the velocity coefficients 0„ and the parameter as. 
This becomes possible by splitting up the functions F n (v) as follows: 

Fi — fi, F i = (302/00/2, F s — (40s/0i)< 73 + (40 2 V0r)/i3 + WrMh, 

etc. The first few of these functions (but not /;*) occur already in 
Howarth’s paper 24 of 1934, but the convergence is slow and the number of 
new functions to be introduced grows rapidly with increasing ». 

The principal aim of these developments is to apply subsidiary 
functions obtained in certain incompressible cases to estimate the com- 
pressibility effect in a "simplified” compressible fluid. 

u The retarded incompressible flow problem is treated in Howarth ’s paper of 
1938 ( Proc . Roy. Soc. (London), A164, 547, part I), the accelerated incompressible 
flow is found in the same author’s ARS Rep. & Mem. No. 1632 (1934). 
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B. The Dependent Variable 1/p; The General Problem of Series Expan- 
sion ( Cope and Bartree). An ambitious effort along similar lines is 
found in Cope and Hartree’s paper (18), the main part of which is 
devoted to the series solution of the problem <r ^ 1, ja a T u , p~ = con- 
stant, ( T y ) w = 0. This paper has a more general significance in that it 
discusses in detail a number of interesting questions that arise in the 
preparation of the problem for an automatic digital computer, in this 
case the ENIAC at Aberdeen, Md. 

For these details the reader is referred to' (18), a review of which is 
not intended here. The basic steps, however, will be presented, partly 
also because they include the form of the boundary layer equations 
used by Emmons and Brainerd in (14,15). 

We start from the form (2.20b) of the energy equation and introduce 
the variable 1/p instead of T; the second term can be transformed, when 
(2.19) is used, into 

pp div q = — pq ■ grad p = p 2 pq • grad (1/p) 

Then the first member of (2.20b) takes the form 

(c v /R)pp<i ■ grad (1/p) + ppq ■ grad (1/p) + (c v /R)Up x 

and the whole equation of energy may be written, after division by 
p[c v /R + 1] = py/(y- 1) 



In the “restricted” problem, U, V y/x, and p are functions of y/y/x' 
This suggests also in the present case the introduction of y/y/x instead 
of y ( x being the other independent variable). At the same time V y/x 
will be introduced instead of V. By reference to a standard state s, 
a velocity of approach XJ, and a standard velocity gradient UJ > 0, we 
define the following 25 dimensionless variables £, t)\\ 

* - w’ » - ^ (sr <4 - 96) 

The dimensionless velocities u and v are defined by 


U = uU t , 



(4-97) 


* 5 The factor 2 has already been introduced by Blasius (see footnote to p. 29) and 
is kept for easier comparison of results, the notation Vl prepares for a later transforma- 
tion, but 171 is identical with the Blasius variable earlier denoted by 17. Any function 
with the subscript « refers to the point (x, 0=) as in (4.55'). 
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The operator q • grad which occurs in (4.95) and in the equation of 
motion (2.17) transforms as follows: 

= f (4 ' 98) 

This suggests the dependent variable 


w - - (viu - t>) 

P* 


(4.99) 


instead of v. 

The equation of continuity transforms by (4.97) and (4.98) into 


and, further, by (4.99) into 


dw 

dr] 


K 


1 +2* 


d\ pit 

dU P. 


The dimensionless pressure gradient is written as 


(4.100) 


(4.101) 


d / p\ U. p s _ p,Ur Pz 

dz\pj u.'p. v. ' p.u.u; 


yM.* * C 


(4.102) 


where M, is the Mach number of approach; the positive dimensionless 
constant C serves as measure number for the actual (constant) pressure 
gradient p x . By (4.98) and (4.99) the equation of motion (2.17) trans- 
forms into 


n p .du du - , 

2-w£— “ = — 2$C + 

P. of dr\i 


1 d / p du\ 

2 drji \p, drn) 


and the energy equation (4.95) takes the form 


_ 1 d a d ( p,\ 

2cr drj 1 Lai dr)i. \pj 


+ 


y — 1 


Mr- - £ 


a. 


p, ( du V 
P \dm) 


(4.103) 


(4.104) 


The second derivatives in (4.103) and (4.104) suggest as before 
[e.g., in section IV, 2A equation (4.62)] a distortion of the y-scale. Here 
we put 


V = 



(4.105) 
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variable iji, by transformation (4.105), greatly facilitates the computa- 
tional work by absorbing the principal influence of iff, on the zero-order 
functions, which come out rather insensitive to a change of M,. 

C. Numerical Solution of the Restricted Problem ( Emmons and Braincrd) 
—Asymptotic Integration (Mcksyn). The zero-order functions arc, of 
course, directly related to the solution of the corresponding boundary 
layer problem with vanishing pressure gradient. In the latter case the 
expansions (4.107) reduce to the first terms, and the connection with 
the original variables is given by 


h 0 = 2 u, f 0 = 2w - 2 — (mu — v), 

P> 


r 0 = r 


T/T. - 1 
Mr 


(4.110) 


This problem [cr ^ 1, y « T“, p x = 0, (T v ) v - 0] was for the first time 
systematically investigated in 1941 and 1942 by Emmons and Braincrd 
in (14,15). In their first paper constant viscosity is assumed; in the 
second paper this assumption is dropped. 16 

The authors use the boundary layer equations in the form (4.101), 
(4.103), (4.104), but for p x — 0. This implies not only C — 0, but the 
equations, as pointed out earlier (cf. p. GO) become altogether inde- 
pendent of £. (In the formal way, the new equations can be obtained 
by going to the limit U,' — > 0.) Adopting the notations 17 <p, g, $, and 0 
of (15), we have the relations 

<p = ~> 0 = 7rr = “ (since p = constant), g = 2g t (4.111) 

-< * p 

£ = — = 2(gi u — v) = gu — 2v 
p 


The standard subscript s may be identified with the subscript °o, then 
p/p, = 1 and the modified equations (4.101), (4.103), (4.101) read, 
when prime denotes differentiation with respect to g, 

!(!) = I 0r W -“)=!» (4.112) 

~i u ' = 20 ^ (v’M 7 ) or = 2<p0 log (<pu') (4.113) 

- I ^ M') + 2(y - 1 )il/V«' 2 (4.1 14') 

!8 Since cr = constant is adhered to, it follows that k varies with T in tho same 
way as p. does, cf. the definition of a on p, 20. 

27 But | instead of { to avoid confusion; j is now a dependent variable, v is not to bo 
confused with the v of the preceding section 3B; here it denotes twice the Blasius 
variable; we write 0 instead of t in this section to facilitate comparison with the original 
papers. 
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or, by (4.112), with the abbreviation 

b = (7 - 1 )M 2 

- 4- (<pd ') + r - u + 2M' 2 = 0 (4.114) 

a di] 

These are the basic equations of (15), and those of (14) are obtained by 
putting <p = 1. The boundary conditions in the present notation are 

u, £, 6' = 0 at 17 = 0 
u, 6 = 1 at 7i = <x> 

One can eliminate £ from (4.114') [substitution for the left member of 
(4.114') according to (4.113)] and obtain 

0" + O' [(1 ~ <0 - a + v*m' 2 = 0 (4.114a) 

If the dependence of <p on T is disregarded, this equation can be inte- 
grated when a suitable w-profile is assumed. Equation (4.114a) has been 
used in this way first by Pohlhausen and later by Eckert and Drewitz 
in 1940 (22), to estimate the influence of compressibility on the heat 
transfer 28 for prescribed T w . For convenience equation (4.114a) is 
here rewritten in the usual way, that is, with <p = 1 : 

0" - a0'u"/-a' + <r( 7 - 1 )iWV 2 = 0. (4.114b) 

Note that (4.114a) and (4.114b) remains unchanged if 17 is replaced by h 7, 
where k is some constant. 

The integration of the system (4.112)-(4.114) has been carried out 
in (14,15) by means of a differential analyzer. The two-point boundary 
conditions are satisfied by running trial solutions for chosen initial values 
(u') w and 0 W . These values are adjusted until the conditions for large 77 
appear to be fulfilled with the desired accuracy. In (14) the case M = 0 
offers the opportunity to check results against the Blasius solution. 
On the basis of such a check systematic errors up to 0.3 % seem possible, 
as the authors point out. 

Numerical results are presented in the case <p = 1 for the quanti- 
ties («') «>, 6w, Qw = ( T w — T„)/(T x * — TJ = (0 W _ l)/(b/2) and 
v«, = i km 0; - |). The physical V„ is related to v„ through 


28 14 wil1 be noted that the condition (r,) w = 0 has neither been used in establish- 
ing the set (4.101), (4.103), (4.104), nor in the transition to the set (4 112) — (4 114), 
but the validity of the latter set requires T w = constant, since the boundary condi- 
tions must not depend on £. 
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Ls. = - V ~ (4.115) 

U* \/Re(x/L) 

The function 0 = (0 - l)/(6/2) is the temperature excess over the 
free stream temperature measured in units of T„* — T w = U„‘/2c p . 



Fig. 4. Gif as a function of Prandtl number <r and compressibility number b 
— (7 — 1)M*; p is constant. 

In the simple problem without heat transfer we had (3.9') which reads 
in terms of 0 

0 = 1- it 8 , [«r = 1], (4.116) 

hence, in that case, 0„ = 1. The tabulated results of Emmons and 
Brainerd indicate (see Fig. 4) that 

0„ ~ Vff (4.117) 

is a good approximation in the range tested, namely M £ 3.16, cor- 
responding to b = 4 if 7 = 1.4, and c = 0, 0.25, 0.733, 1.00, 1.20. 

In (15), the computations arc repeated for the viscosity power law 
with exponent u = 0.768. Also in this case equation (4.117) seems 
well enough satisfied, but it is, of course, trivially correct for cr = 0 and 1, 
and since the station <r = 0.25 has been left out in the calculations the 
deviation midway between \/a = 0 and \/ a = 1 is not exhibited. 

Relation (4.117) appears for the first time in (5) where the excess 
reading of the plate thermometer in an incompressible fluid with constant 
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y. was calculated (cf. p. 30). This means solving (4.114b) with u = 
f'/2 and the boundary conditions 9 W ' = 0, 6 X = 1. But Pohlhausen 
actually tabulated his result 

Qw = ia f Q ~ [exp (-a Jj fdi? 2 ) • J Q V |f" 2 exp (<r j* f<fy 2 )} di) x] dr, 

(4.117') 

for 0.6 < o- < 15 without mentioning the approximation 0 W ~ \4, 
which is excellent in the range 0.5 < <r < 2, characteristic for gases. 

Since f Uv = log (r”/«) and (4.117') may be sim- 

plified to 

0* = \<s f “ (t") ff • Jj (n 2 -°d m dr, (4.117") 

The form (4.117) of the recovery factor 29 0^ appears for example, in 
(1), p. 630, and in (22), Fig. 2, but was undoubtedly known much earlier. 30 

Equation (4.117') is obtained by integrating (4.114b) under the assump- 
tion u = f'/2, as already pointed out. However, relation (4.117) or its 
equivalent 

has a much wider range of validity. As will be seen in Section V 



(4.117a) 


20 The following terminology is widely used: T v — T„ is called the temperature 
recovery AT] in the case <r = 1, AT = |(y — 1)M S is denoted by A T^d (adiabatic). 
AT/AT n d is then called the recovery factor, which is approximately \/a in the present 
case. 

20 In order to show that 9 W ~ yfa for a ~ 1, one may put <r = 1 + e in (4.117") 
and transform the "inner” integral by parts, writing the integrand in the form 

Using J o - 2, one has 

20/<r = 2 - tC(«) 

where 

<?(«) = / 0 ” (r") 1+e - f 0 ” tt’(n-'d vi d v 


The first order term in e is thus obtainable by evaluating (7(0). One finds readily 

c(o) = \ J o ” r"r 2 d„ = J o ~ n'"dv = i 

on integration by parts. Hence 

9u.(<r) ~<r(l — £«) 

which equals y/a in the same order of approximation. 



THE LAMINAR BOUNDARY LAYER IN COMPRESSIBLE FLOW 


G 7 


represents quite generally a good approximate integral of the energy 
equation when (T v ) v = 0 [cf. (18), p. 9 where the form c r T + { \/a (U* 
-f- F 2 ) = constant is suggested]. 

We shall come back to Emmons and Braincrd’s contributions in the 
section on results and close this section with a brief review of a method 
of integration of the system (4. 1 12)— (4. 1 14) that lends to numerical 
results of surprisingly high accuracy in view of the small amount of 
computational work involved. The method was proposed by D. Meksyn 
in a paper that deals with the integration of the equation of Falkncr 
and Skan (23) and applied by the same author in (24) to the system under 
consideration. 

Let us first take the Blnsius equation ns example, using the inde- 
pendent variable of this section tj. On denoting differentiation with 
respect to tj by primes, the Blasius equation rends 

2f’ + tt" = o, f(0) = r'(0) = 0, r(eo) = 1 (4.1 IS) 

since u = i(df/dvi) = f'. For large 77, f ~ tj + constant, hence, on 
putting t = t] -f f ‘and neglecting the quadratic term one has approxi- 
mately for large 77 

2 f" + r,f" = 0, f" = (4.119) 

from which the asymptotic behavior of t" follows; 

t" = 0(c -,,,/< ) for large 7; (4.120) 

This estimate has been known all along and is the starting point of 
Blasius original integration method. 

Now, according to Meksyn's approach, it seems rather a disadvantage 
from the point of view of the numerical calculation to exhibit in the 
trial solution the correct asymptotic behavior of f. For the purpose in 
question, which is the quick determination of uj or £"(()), a representa- 
tion of the form 

f" = A{n)tr*to (4.121) 

appears desirable. But since the function B(rj) impresses itself on 

f' = Jo” only through its values in the neighborhood of 0, B(tj) 

should be determined by satisfying (4.118) as well as possible for small 77. 
Now 

f' ~ \ (4.122) 

is the first term of the expansion at 0, and, on linearizing (4.118) with 
t ~/?77 , one obtains for 


f" ~ Ac -*'’'' 12 


( 4 . 123 ) 
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where A = 0 to be consistent with (4.122). The constant 0 can now be 
calculated according to the condition f'( c °) = 1, from 

| o “ (3e~^ /12 dr, = 1 (4.124) 

and provides a first approximation of the Blasius constant a = 4f"(0) 
4/3. One obtains from (4.124) 


a ^ 


6 

K-m* 


1.346 


which deviates by 1.5% from the accepted value. 

This idea can be extended to solve the system (4.112)-(4.114). In 
doing so one approximates those functions that approach zero asymp- 
totically by expressions of the form A(rj) exp [ — £(17)] and tries to deter- 
mine B(ij ) from a linearized equation. It is important to obtain a B{-q) 
such that the term of highest degree in 17 is positive, which can be effec- 
tuated by cutting expansion of the type (4.122) at the proper place. 

In view of equation (4.113) which represents a linear homogeneous 
equation of first order for u' when we restrict ourselves to the case <p = 1, 
we start with the linearization of that equation. The initial terms of 
the expansions are easily found to be 

« = / H 0 = e w , | = ?£•, 0, > 0 (4.125) 


Substitution in (4.113) yields 


hence 



(4.126a) 

(4.126b) 


This approximative result for u' satisfies the sign condition for the leading 
term; and A (17) = /3 makes it consistent with the first relation (4.125). 
The condition «(«>) = 1 applied to (4.126b) furnishes an equation like 
(4.124), but this time for /3 and 9 W . 

When we substitute in (4.114b) for v! according to (4.126b), we obtain 
a first order inhomogeneous equation for O' . Now the function O' which 
is again of the asymptotically vanishing type, should be approximated 
just by such a solution of a linearized first order equation, and the 
linearization consists here simply in the indicated substitution for u'. 
One then obtains 


O' = -6/3V 



,*]*)• exp (4.127) 
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which exhibits the form -<4 (77) • exp [ — #( 77 )] and satisfies 0'( 0) = 0. The 
function 0 is found by integrating (4.127) and adjusting the integration 
constant so that 0(«) = 1, whence 

0 = 1 + /_' 0'rf, (4.128) 

where the right member depends on the parameters 0 and 0 V . Now we 
can set up the second condition for 0 and 0 V in the form 

flu. = 1 + J K o’ dr] 

the right member being a double integral requiring evaluation by numeri- 
cal methods. We thus have two conditions to determine 0 and for 
given Mach and Prandtl numbers. For a — 0.733 Meksyn obtains 

0 U . = 1 + 0.4246, 0 1 O a = 0.117 (4.129) 

The determination of £ follows similar lines. In this case £' = u + 
r)u' — 2v' by (4.111), and £' — u therefore vanishes asymptotically. 
This function is obtained from (4.112) and (4.113) in the required form 

o„" 9 

or - m = - - 0" - 2 bu’- (4.130) 

— U — cr 

by (4.114), this being the most convenient way to obtain v by integration 
of £' — u. 

The numerical results for uj , 0 V , and agree very well with the 
tabulated results of (14). Only the case 6 = 4 required a more elaborate 
start; one had to substitute the first two terms of the expansion of £/(20) 
in (4.113) to obtain the same accuracy as before. 

Meksyn treats in the same paper (24) the problem ip 1 with equal 
success, but it should be pointed out that in both cases the agreement of 
the two sets of results is only shown for the boundary values of the func- 
tions u, v, 0. They doubtlessly are the values of foremost practical 
interest, but one would like to know how good the overall accuracy of 
the method is. 


Y. Results 

This section gives a survey of the answers so far obtained for a 
number of practically important questions concerning the laminar 
boundary layer in a compressible fluid. For numerical results the 
reader is referred in each case to the original paper, but characteristic 
diagrams will be reproduced and the method of analysis indicated in 
connection with the preceding section IV. 
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1. The Simple Problem 

The problem [<r = 1; p x = 0; T w = constant] is the principal subject 
of (8,11). It is treated in Crocco’s earlier papers and appears as a 
special case in the very complete diagrams and tables of (16). A general 
idea of the u- and ^-distribution is obtained from our Figs. 1 and 2, which 
have been taken from (11). 

The simple problem offers a good opportunity to study the effect 
of the variation of one of the parameters. The product C Dj VRe or 
2 K 0 for which the asymptotic value (3.2) was obtained by Busemann 



Fig. 5. The coefficient of friction Ca, \/lie for vanishing heat transfer. 

has been investigated in its dependence on a in (13) (Hantzsche and 
Wendt). Figure 5 shows the results in the case (t u ) w = 0. For w = 1, 
this product is constant [cf. the paragraph following equation (3.20)]; 
in appraising the effect of a specified w ^ 1 it should be remembered that 
in (13) and other papers of the same authors the standard temperature 
in the viscosity law is T w [cf. equation (4.36)]. The quantity correspond- 
ing to K 0 in Hantzsche and Wendt’s analysis is go = g( 0) [see equation 
(4.41)], represented in Fig. 6, again for the case of vanishing heat transfer. 
This diagram shows that go, which is essentially K 0 { 1 + b/2) (1 ~“ )/2 , is 
somewhat less sensitive to changes in the parameters M and w, than Ko 
itself. 

In the more general case of (4,)„ 0, go is a function of A. It is 

represented in Fig. 7 for M = 5 and w = 0.8. (When w = 1, g 0 equals 
“/ V8 independently of tw, cf. the broken line in Fig. 7.) The physical 
interpretation of go can be based either on its connection with the stress 
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T a or, more directly, on its thermodynamical meaning. From Reynolds's 
analogy (3.14) and from (4.37) one finds the local heat transfer coefficient 
referred to the excess of the equilibrium temperature T, which in 



Fia. 6. -y/8 Oo versus M for different vnlues of w. 



Fig. 7. g 0 versus for constant M, at the same time a plot of /S*^ -y/x versus 
our case equals T*„, over T„: 

P T w - T*„ ~ Cp yJ 2x 00 

Thus -y/x oc and Fig. 7 may be interpreted as a graph of /3* loe sfx 
if the ordinate scale is adjusted correspondingly. 
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In the case under consideration it is also possible to estimate the 
thickening of the boundary layer due to compressibility. Howarth 
does that in (17) for the viscosity exponent w = 1. Then the Blasius 
function f (if) solves the problem in terms of 



[cf. equation (4.53) with dUJdx = 0 and equation (4.6a) with p x = 0 
and p = constant.] Howarth defines now the ordinate 3/* of the asso- 
ciated incompressible flow by 



On expressing Y in (5.2) in terms of the physical coordinate y e of the 
compressible flow [cf. equation (4.54)], one obtains for not too small ij 
the relation 

y . c -—V\ ~ 0.6O 21ZJ. M 2 (5.4) 

Vi v 

giving the relative difference of ordinates of those points (with the 
same x) in the two flows, where the stream function and the other func- 
tions of t] have the same value. If rj = 3 is taken as the definition of the 
boundary layer thickness 5, corresponding to u = 0.999, then 

—■ — = 0.08M" 2 for y = 1.4 (5.5) 

Of 

2. The Restricted Problem for w = 1 

When the assumption a = 1 is dropped, the simple integral of the 
energy equation (3.9) is no longer available. Even the restricted problem 
\Pz — 0; T w = constant] presents then formidable difficulties to a 
solution in general terms. There is, however, the particular choice of 
the viscosity exponent, w = 1 [equation (4.11)], which very considerably 
simplifies the problem. 

In that case the integral of the equation of motion is known beforehand 
in the form of the Blasius solution. This has already been shown in the 
discussion following equation (4.14) and applies equally well to the first 
of Crocco’s equations (4.31a). Let K(u) denote the solution of (4.31a) 
if co = 1 (or pp = 1); as can be easily verified, K(u) is related to the 
Blasius function f through 



(5.6) 
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(f being considered as a function of u = ■jdf/d’?). This function is 
plotted in Fig. 8a [Figs. 8-11 have been taken from (16)]. 

Substitution of if (w) in (4.31b) yields a linear first order equation for 
t' which can be solved by quadratures. 31 The solution can be given the 



u « U/U_ 

Fig. 8a. Crocco’s stress function R(u) and the functions /(«, <r) for vnrying 
Prandtl number. 

form of the Crocco integral (3.13): 

i(u) = L - (k - l)0i(u) + (t - l)ili 2 0”(w) (5.7) 

where 6 l and 8 n are functions of u that depend on <r and have the general 
character 

6 1 (u,<t) ~ u, O n (u,a) ~ ^7t(l — u) (5.8) 

when <r ~ i (f or o- = 1 , the approximations (5.8) become correct). To 
write up the functions 6 l and 0 11 we define first 

81 Note the formal parallelism between the cases w = 1 and u = 0. comnarine 
(4.31b) with (4.114b). 
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I(u,<t) = 


J ( U,a ) = 



(5.9a) 

(5.9b) 



funrtiZ^H / ( “ } . are Sh0wn in Fi S' 8a - Compared with I(u), the 

thp pnrl St f rt at u ~ 0 111 a Parabolic manner and reach about half 

ntrod^p? ^ COrres P° ndin g m, cf. Fig. 8b. The functions 

introduced m (5.7) are now given by 


« The argument <r will be exhibited only in 
is identical with K 0 introduced in (3.20). 


cases where doubts 


are possible. 


Ko 
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01 = 1/7(1), 0” = <r(0ij(l) - J) (5.10) 

and represented in Fig. 9. 

It is of course possible to give in the restricted problem with w — 1 
an explicit expression for Reynolds’ analogy, when one combines (5.7) 
with (3.22) and (3.14"). One obtains 

K - - [im (T - - m (u - !) ] (6 - u) 

An analogous formula can be developed for the Nussclt number, cf. 
equations (3.25) and (3.25a). 



Fig. 9. Crocco’s functions 0 l (v, a) and 0 u (u, tr) for varying Prandtl number. 

3. The Restricted Problem for w ^ 1 

Also in the case w ^ 1 Grocco was able to obtain important results 
of fairly general character, but only on the basis of extensive numerical 
work. It turns out that for constant M the slope of the temperature profile 
at the wall, ( dt/du ) w , is practically the same linear function of t v , whatever 
the chosen viscosity exponent. The computations have been carried 
out for a = 0.725, but there is hardly any doubt that the same statement 
would hold for any <r ' ' 1. In Fig. 10, the solid straight lines correspond 
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to 03 = 1, in which case the differentiation of (5.7) yields 

($.- jfoa-t + rfaxT -i)**) (M3 

The values of (U)w computed for the set co = 0.50, 0.75, 1.25 and a chosen 
value of M lie quite close to that straight line (5.12) which belongs to the 
chosen M-value. These results have already been given by Crocco in 



Fig. 10. ( dl/du)v, versus l w for varying a> and M; the solid lines correspond to 

equation (5.12). 


(12) where they were averaged (under disregard of « = 1.25 for which the 
deviations were largest), in the following formula 



= 0.890(1 - Uo) + 0.378(7 - 1 )M 2 


(5.13) 


The computations were repeated with an improved technique and 
under adoption of Sutherland’s formula 33 instead of the viscosity power 
law. We have therefore 


ey* + 9,-* 

(</«•)* + 


(5.14) 


In Crocco’s papers, particularly in (16), the variable T appears everywhere in 
the form I = c P T and all assumptions concerning p and p are stated in terms of the 
enthalpy I. Thus c p may still depend on the temperature, but <r must, of course, be 
constant. 
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and 6, stands for T,/T„ [cf. equation (4.12) for T,}. The actual values 
of 6, were 0, i, 1, 3. The corresponding curves (5.14) are tangential 
at t = 1 to the l“~ l curves previously used to represent the product pp. 
(Note that 0. = 1 corresponds tow = 1.) 



O 0.2 0.4 0.6 0.8 1.0 

u ■ U/U- 

Fxo. 11. Stress and temperature fields of the restricted problem for varying 
boundary conditions l w = T,p/T K . 

Calculations of the velocity and temperature fields were carried out 
for six integer M-values 0, 1, • • • , 5, and in each case six t a values 
were selected to cover roughly the interval 0.2-2.0. In Fig. 11 the IC 
and t distributions have been reproduced for M = 5; 0, equals here 
zero, in which case (5.14) coincides all along with pp = t~ Vl , or p = 
(Busemann’s assumption in 1935). This extreme case corresponds to 
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T x = oo (since T„ is a positive number) ; for air, it begins to approach 
reality when the free stream temperature goes beyond a thousand 
degrees K. The curves labeled 7 represent the case (^,)„ = 0. The 
physical velocity field is given by the graphs y \/2 vs u, y being the 
Blasius variable. The Prandtl number a equals 0.725 throughout. 

The (4) M vs tu,- lines for constant M resulting from these computations 
were again found to be straight regardless of the chosen 8,. This result, 
which appears here as generalization of (5.12), is actually a consequence 
of the remarkable generalization of (5.7), which Crocco in (16) has also 
shown to be approximately true. His calculations indicate that t is 
a linear function of t x as well as of M~ the coefficients of which depend on u 
{and on a), hut only very weakly on 8 t . Crocco’s discovery partly justifies 
the fact that boundary layer investigations are usually not undertaken 
on the basis of the correct Sutherland law (which would introduce the 
absolute temperature of the standard state, say T M , as an additional 
physical parameter): the temperature field function T(u)/T m depends 
on the boundary conditions T w and T„ principally through T w /T m) 
when <t ' ' 1. (This is by no means true for the stress field K{u ).) 

Regarding the dependence of the temperature field on <r, we have 
already noted Pohlhausen’s result for vanishing heat transfer in the 
case of constant p and p. Then equation (4.117) holds, which we may 
write 

4, - 1 ~ Kt - l)-^ 2 V* (5.15) 

but this case is obviously covered by Crocco’s case co = 1, although his 
theory is concerned with the variability of the product pp rather than 
with the individual variabilities of p and p. In other words, Pohlhausen’s 
case is identical with Crocco’s case w = 1, {dt/du) w = 0, equation (5.12) 
holds strictly and implies together with (5.15) 

m dm* ~ by (5 - 15) < 5 - 16) 

On replacing J (1) in (5.12) by 1/ (2 \/?), it is seen that the approximation 
(5.15) is generally good whenever ( dt/du) w = 0 and a = 1. Now from 
Emmons and Brainerd’s work (15) we know that (5.15) holds also for 
w = 0.768. To interpret this result, let us write equation (5.7) for 
the particular case of (4)« = 0. Using (5.12) and (5.10) we obtain 

t(u) =Uo- <rJ{u,o){ t - l)ilf 2 (5.17) 

valid for a = 1, where J{u,(r) is 0{u 2 ) for u ~ 0, as stated before; equa- 
tion (5.16), on the other hand, should be obtained from (5.17) by putting 
u — 1, hut holds also for to ^ 1, This makes it practically certain that 



the laminar boundary layer in compressible flow 


79 


an approximately correct form of (5.17) for any co is achieved when one 
puts 

JM = < 5 - ,8) 

2 Va- 
in other words, for vanishing heat transfer, 

t + * y/ ~ a ( T _ l)M ! u 2 - constant (5.19) 

is an approximate integral of the energy equation in the restricted 
problem, whatever the viscosity exponent. [Cf. (4.117a) and the sub- 
sequent remark.] 



It is interesting to look at some of the results of (15) from this point 
of view. Before choosing o> = 0.768 for their calculations, Emmons and 
Brainerd investigate, for fixed a and M, the effect of different viscosity 
laws on the u- and ^-profiles. The curves obtained for w = 0 and 0.5, 
and according to (4.12a) for T m = 650°K are reproduced in Fig. 12a, b. 
For both profiles the effect of the changed viscosity law is quite notice- 
able, but the curves become practically identical when ^ is eliminated by 
plotting (t — l)/(b/2) vs u. 

From the same paper we also reproduce Fig. 13, a set of profiles of 
the velocity component normal to the plate. Most papers present t4-pro- 
files only, hence it appears worth while to show for once the general 
behavior of the other component. In comparing Fig. 13 with Fig. 12a 
it must be considered that v/u = (V/U) Re* 4 {x/L) Vi : the scale of v is 
strongly exaggerated except in the vicinity of the leading edge. 

Returning to our discussion of the temperature field, the main result 
must be seen in the extension of the validity of formula (5.7) to any co 
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(or 9.) value. This implies the extended validity of Reynolds' analogy 
(5.11), which is a matter of considerable practical interest, especially 
if one can find a simple approximation for the dependence of the coeffi- 
cient 7(1) on a. [We already know J (1) ~ 1/ (2 Vo-)-] 



Fig. 12b. Variation of l and ft' for various f s when a — 0.733 and b = 1.6. 



Here we can again argue as on p. 78 that (5.11) holds for co = 1, 
and identify this case with Pohlhausen’s calculation of the heat transfer 
to a plate at prescribed temperature T w , in a fluid with constant p and p 
when the heat 'produced by friction in the fluid is neglected. This means 
solving (4.114b) with u = fl/2 under omission of the inhomogeneous 
term, hence M = 0. We then obtain from (5.11) 
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Qu 


-'•(ft)© 


(tv, - 1) 

1 ( 1 ) 


and from ref. (5) 
with 


Qu, = f(c)k VRe T a (t v - 1) 

1 //W = / 0 ”cxp (-c r fjtfv) di ; 


(5.20) 


(5.20') 


But F v - («/VR e)(ipU„ z ) according to (3.20), hence, by comparison 
of (5.20) and (5.20') 

■« r» et \ 

(5.21) 


m = ( “ = 1 - 328) 


Apparently on the basis of the numerical evaluation of /(<r) Pohl- 
hausen states that 

f(a) ~ (a/ 2)o- h , 0.G < <r < 15 (5.22) 

In (1), p. 627, this approximation is shown to evolve, when instead of 
a quartic approximation of v is used in solving (4.114b). Another 
way to (5.22) starts from the relation 


f Q “ (f'ydr, ~ 2 a'-V" )s 


(5.23) 


which is correct within 1% for 0.6 < a < 1. The latter formula follows 
readily from the representation of f" in the neighborhood of zero given 
in (4.123), which reads f" ~ a exp ( — ai 7 S /G) in the Blasius variable 17. 

Then (5.22) follows on replacing in the second equation (5.20') — Jj 

by log (f"/«) (see p. 66) and applying (5.23). 

Equations (5.21) and (5.22) yield the desired approximation 


1 

/(l) 




hence the other coefficient in (5.11) becomes 


*J( 1) 
/(l) 



(5.24') 


(5.24") 


We now define the equilibrium temperature T e of a gas flow in heat 
exchange with the wall as T w in the case of no heat exchange. Then, by 
(5.15) 

te — 1 ~t(y ~ l)il/ 2 yfo (5.25) 

Using the approximations for the coefficients (5.24) together with (5.25), 
Reynolds’ analogy (5.11) may be put in the following very compre- 
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where 6 = (y - 1)M 2 as before, and works in the variable a by adding the 
factor Vff to b. In this way the formula 

Cr t vie Vx/L ~ 0.664[1 + 0.3 b V^] (, -“ )/2 (5.28) 


is obtained, valid for ( T v ) w — 0. 

In the general case, Young’s starting point is an elliptic approximation 
of K(u), 

K(u) = K 0 Vl - u 2 

Substituting pp = [£(u)] u_1 in Crocco’s equation (4.31a) and writing 
this equation as an integral equation for K(u ) , one is led to the relation 


K 0 2 



l u -'2udu 

Vl —ii 2 


(5.29) 


which is evaluated for a = 1, in which case l(u) = quadric in v. This 
step, which includes expansion of the term t J ~\ provides the necessary 
information about the form of K 0 as function of the parameters w, and 
b and k which are hidden in i. The cr-dependence is again worked in 
through replacing b by b y/a. Finally, the constants obtained in the 
integration (5.29) are slightly adjusted for best fit of the known results. 
Young obtains 

Cr 0 VRe V^jL ~ 0.064(0.45 + 0.55k + 0.095 V^) ( “- ,)/I (5.30') 

where it is essential that the first two coefficients inside the parenthesis 
add up to 1. The formula represents the known numerical results of 
(11,14,15,16,18) very well in the case ( T v ) u . = 0; it becomes identical 
with (5.28), except for the coefficient of b \Za, which is now 0.305. 
For prescribed T w , (5.30') represents Crocco’s results within 1%. 

Another comprehensive representation of the wall stress function in 
the restricted problem has been recently proposed by Johnson and Rubesin 
(27). It is based on a survey of the numerical results of (11,13,16) and 
lumps the effect of wall temperature and Mach number in a formula 
not explicitly depending on <r which reads in the present notation 

c T0 VRe y/x]L ~ 0.664(0.42 + 0.58k + 0.07%)^' 2 (5.30") 

Relations (5.27) and (5.30) answer the questions of heat and momen- 
tum transfer in the restricted problem. A further concern of practical 
importance is the relation between M and k that must hold to insure 
actual cooling of the gas stream by a wall. Young compares in (25) the 
local dissipation in the boundary layer with the local heat transfer on the 
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basis of the preceding results and arrives at an approximate formula for 
the Mach number Mi at which transition from cooling to heating occurs: 



The same problem had been solved previously in the case t a = 0.25 
by Hantzsche and Wendt for w = 1 and by K&rm&n and Tsien for 


K* 

i 




Fig. 14. Temperature field for a = 0.7 disregarding the variability of m and p 
(equivalent to restricted problem with o> = 1). 

03 = 0.76 (cf. p. 34), in both cases a = 1 is assumed. Their values for 
Mi are in substantial agreement with (5.31). For a further discussion 
of the results of these authors see also the boundary layer report by 
Carrier and Lewis (28). 

We conclude this section with a brief reference to the approximate 
treatments of the restricted problem by Eckert and Drewitz (22) and 
Schuh (29). The former apply Pohlhausen’s method of (5) to the case 
of prescribed T w without disregarding the heat produced within the boundary 
layer. (This is the complete equation (4.114b) with u = and pre- 
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scribed TV) The results, although superseded by Crocco’s computations, 
are of practical interest because the temperature profiles are repre- 
sented directly in the independent variable 77 and referred to the excess 
of the equilibrium temperature T e — T m or T„ \/c b/2 by (5.25'). 
Figure 14 shows the temperature field obtained for a = 0.7. The curves 
(l — 1 )/(t e — 1) vs t) are plotted for a set of boundary conditions (t v — 1)/ 
(t c — 1) = —1, 0, 1, 2, 3. The conditions for the curve a arc such that 
the entire heat produced by friction within the boundary laj'er is carried 
away through the wall. Results are accurate within a few percent up to 
M = 2, and for moderate temperature differences. For M — 0.G, the 
diagram can be read directly in temperature differences, when the scale 
to the right is used together with the labels set in parenthesis. 

Schuh’s work belongs here principally for methodical reasons. 
In his paper (29) the integration method of Picrcy and Preston 34 is 
employed. Starting from the boundary layer equations in the form 
(4. 112)— (4. 114) (which we now write with the independent Blasius 
variable 77) we can rewrite that system in terms of the function /(??) = 

S/0: 


^ (<pu') -f (<pu')fv~' =0 • • • [4.113] 

~ (tpO') -f ( <pO')af<p~ x = —obipu' 2 • • • [4,114'] 

CZ77 


(5.32) 


where /( tj) can be written in terms of the “physical” variables 


Kv) = 2 



ud 77 • • • [4.112] 


(5.32') 


In order to have the same type of boundary conditions for tt and the 
temperature function, we introduce 


0 = 


T - T« 
T„ ~ T„ 



+ constant 


in the second equation (5.32) ; this adds to the right member the factor 
1/(1 — 6 W ). Then the boundary conditions are 


U(0) = 5(0) =0, «(«>) = 5(oo) as 1 

The solution of (5.32) can now be written in terms of f(ij), using the 
abbreviation P(r]) = f: i(p~ l drj, viz., 


* 4 P«i. Mag. [7], 21 (1936). 
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6 = 


J(°>) 
1 -j- B( °° ) 


M 00 ) 


Mv) - B( V ) 


(5.33a) 

(5.33b) 


where 


and 


J( n) = f* <p - 1 exp ( —P)di], A (rf) — jj <p 1 exp (-oP)cfy 

B = - f ^> -1 exp (— oP) [" f <pu' 2 exp (crP)^ cfy 

1 @10 Jo L •/ o 


On the basis of (5.32') and (5.33) the following iteration process can 
be devised. Using the known solutions for constant p and p, that is, 

for Mo, and Eckert and Drewitz’s solution for Oo with the proper d w , 
one computes / 0 (i?) and P 0 (i?), which determines the improved Mi according 
to (5.33a) and 0i according to (5.33b). The next step starts in the same 
way from Mi and 0i. 

In (29) this process is applied to an airstream along a hot plate, but 
under omission of the dissipation term in the second equation (5.32) 
(hence B = 0), for 6 W = 1.25, 1.5, and 3.39, assuming w = 0.78 and a 
slightly different exponent for k so that a varies slightly too. The same 
method is applied to a diffusion problem. This is possible because the 
energy equation without dissipation term is formally equivalent to the 
equation of diffusion. 

4- Other Problems 

In this section Chapman and Rubesin’s treatment of the case T w = 
T w (x), p* — 0 (19), and Tifford’s analysis of the case U x oc x m is briefly 
reviewed. A remark on wakes and jets and another on the axisymmetric 
boundary layer follow. 

The point of departure in (19) is the linear equation (4.17), in which f 
is a known function of y) it can be solved by well known methods. Again, 
it is an advantage to exhibit the thermometer temperature t e = T e /T„ in 
the boundary conditions: 

i(€,0) = U + f(£), *(£,00) = 1 (5.34) 

A particular solution of (4.17) which depends only on y can be easily 
found by quadratures. When in (4.17) d*/3£ is assumed to vanish, 
there simply remains (4.114b) with u = £f'. Let now N(y) be that 
solution for which N' (0) = 0 and N( °o) = 1. Then 

N(v) = 1 + (b/2)r( n ), r (y) = J* (f") r <fcji / w (f") 2 “^ 2 (5.35) 



THE LAMINAR BOUNDARY LAYER IN COMPRESSIBLE FLOW 


87 


cf. (4.117"), and = i e , therefore r( 0) is the recovery factor in agree- 
ment with (5.25') . 

The solution of the homogeneous equation associated with (4.17) 
is sought in the separated form 35 

t = X r (t)Y(v) (5.30) 

The functions A r „(£) are simply powers of £, while the sat isfy the 
equation 

Yn" + «rf3V - 2 nefYn = 0 (5.37) 

with the boundary conditions 3 r „(0) = 1, Y n (<*>) = 0. This equation 
is solved by numerical methods (using the known asymptotic behavior 
of t, the asymptotic solution of (5.37) can be written up in terms of 
Hermite polynomials). Graphs of the first five functions Y n (n = 0, 
1 • • • 4) are supplied in (19). 

The complete solution of equation (4.17) is 

/({,?) = N(y) + ^ (5.38) 

o 

and the a„ are found from the scries expansion of (he given distribution 

<«): 

m = 2 ° n (5.39) 
o 

One returns to the physical variable y according to (4.18a) in which the 
solution (5.38) must be substituted; thus y depends on the integrals of 
r(i\) and Y„(t]), graphs of which are supplied in (19), where also the for- 
mula for q w is given and the local heat transfer coefficient /3* Ioe = q v (T v — 

T e ) is computed. Using the approximation (5.23) for J Q (f") r dr?, the 
Nusselt number could be written in the form 


_Nu* 

•\/Re 


VR~o a» + 


Vc 

2 (tv - Q 


F 


(5.40) 


where F is a function of £, which depends on the c„ of (5.39) and the 
F n '(0), and C is the coefficient introduced in (4.13), to be taken for an 
average value of T w . In the first term, (5.40) coincides, of course, with 
(5.27). An example is discussed in detail in which f(£) — — t e is 

assumed as t e X quadric (£), while C = 1 for simplicity. This makes 
a„ proportional to t e and thus dependent on M, and therefore 

,6 X, Y, N is the original notation which has been kept here, although these 
quantities are, of course, dimensionless. 
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facilitates the discussion of the influence of M (appearing directly in 
t e by N{ 0), and in the return from to y) ; Af is taken as 0.5 and 3; the 
numbers a n /t e are chosen such that T w /T e = 1 + quadric (£) drops from 
1.25 to 0.75 over the length of the plate. 

The approach of (5 and 22) has been generalized by Tifford in (26) 
for nonvanishing pressure gradient, although Pohlhausen’s method seems 
perhaps less justified in this case. For uniform free stream the boundary 
layer equations depend only on the product pp, but the additional term p x 
involves a factor 1/p (e.g., p. 46). The conditions of operation for (26) 
must be formulated as follows: p and p are individually constant; and the 
variability of p along the boundary layer edge is disregarded in spite of 
p x 0 and T x 9 * 0. When this is accepted and a free stream velocity 
U„ = cx m is assumed (m > 0, flow downstream of the stagnation point), 
then the accurately known solution of the Falkner-Skan equation, 36 
can be employed in the same way as Blasius solution f in the case 
p x = 0. But the complication is that the energy equation remains a 
partial differential equation (of course linear and of second order, and 
inhomogeneous) even after introduction of the (modified) Blasius 
variable rj — [%{m + 1) U^/xv^y, whereas for p s = 0 the ordinary 
equation (1.114b) with u — ' is obtained. The other independent 

variable in Tifford’s analysis is x, or rather a function of it, viz., £ = 
(T„ — T w )/(U„ 2 /c p ), where T x and U m are known functions of x, and T w 
a given constant. The unknown function 9 = (T — T w )/{T m — TJ). 

It is possible to split 6 in two parts 

6 = *(?,*) + *0?)/$ (5.41) 


so that satisfies a homogeneous equation that can be separated into two 
ordinary equations. One obtains in this way 


where 


_ xwm 

F(«) 


(5.42) 


X(£) = 2(TJ - T w )/(T a - T w ) and Y(ij) = fj dm, exp (-a fj'Fdm). 

The function *( rj ) + ^ must be determined from an inhomogeneous 
second order equation whose coefficients are aF, —2(3aF', and —<r(F") 2 
on the right hand, by numerical methods, /? stands for 2m / (m + 1). 

The physical significance of the decomposition (5.41) can be seen 
as follows. In the analogous case of equation (4.114b) the term <r(y — 

Hartree, Proc. Cambridge Phil. Soc., 33, 223 (1937). The equation reads 
F"' + FF" = 0 (F'» _ 1 ), with F{ 0) = F'( 0) = 0, F’{ =o) = l. 
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1 )IV ! that makes that equation inhomogeneous stems from the term 
nU v - in equation (2.20), the only dissipative term left in the boundary 
layer energy equation. Thus it is correct to say that the homogeneous 
equation associated with (4.114b) determines the temperature field 
under disregard of the heat created by the work of the friction forces; 
and in a strictly incompressible theory their work is the only source of 
heat within the fluid. In the present case the interpretation follows 
by analogy: <f> is the temperature field under disregard of the heat inter- 
nally produced. 

The effect of c on the local heat transfer coefficient based on T K * — T v 
is shown numerically in the cases m = 0, 1, omitting the 'k-cfTect. The 
latter may, in general, be taken into account ns a correction term that 
adds to the given T m * and depends on a and in. 

The theory is now generalized for arbitrary body shape b) - series 
expansion of U K . The quest for a relation between dynamic and ther- 
modynamic parameters leads then to an approximate formula that 
correlates q w with the gradient of the momentum loss d(pU K 7 0)/dx rather 
than with r v , 0 being the momentum thickness defined in (4.74) for con- 
stant p. Values of = q^/iT^* — TJ) following from this relation 
are compared with those determined from the ^-distribution in the case 
of a wedge with varying angle /3 rr for in — 0, -g-, 1 , at a — 0.7, and the 

approximate formula is applied to compute the heat transfer for the 
front half of a circular cylinder up to ± 70°. 

Flow in wakes and jets is treated in (17). The standard incom- 
pressible solution w = wo exp (— ig 7 ) is again used (ip = 1 — v). 
Howarth finds that the incompressible theory underestimates the wake 
thickness by ibM 7 D/p„U„ 7 where D is the drag force per unit of breadth 
of the (symmetrical) obstacle. In the same way the actual width of a 
jet is found smaller by the amount [(7 — l)/2a D 7 }F/p 0 where F is the 
flux of momentum through the jet (subscript 0 refers to the gas at rest). 
Another aspect of the jet problem is treated in (21); again a — 1, but 
Chapman treats both cases, a = 0.7G and p = Cl. The method is that 
of (11) and is presented in great detail; vclocit}' profiles for the mixing 
layer are shown for M — 0, • • • , 5 and, in the case of the linear viscosity 
law, for T„ = 400°R. 

The theorem of the mathematical equivalence of axisymmetric and 
plane boundary layer flow is due to Mangier who published it first in 
1945. It is reviewed in (28), Appendix II. The transformation becomes 
possible, because the equations of motion and energy of the axisymmetric 
boundary layer are formally identical with our equation (2.17) and 
(2.20), provided one replaces x, y by s, n and U, V by q„ q n , where s is 
the arc length along the meridian curve of the surface of revolution and n 
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the distance along the normal. But the continuity equation reads 

Ts (pro?,) + k {proVn) = 0 (5,43) 

where r 0 (s) is the distance of a surface point from the axis of revolution. 
Complete formal identity can be established, when a point s, n in the 
axisymmetric boundary layer is associated with a point x, y in a plane 
boundary layer by 

x -\'M ds ’ v = (r) n (544) 

where L is a fixed reference length. The values of p, T, p, p are the same 
in associated points. 

In the case of a cone in supersonic flow (but only with attached shock 
wave), the associated plane flow becomes simply our restricted problem, 
since p x is constant. In a later publication (30) Mangier discusses 
some examples of incompressible axisymmetric boundary layer flows, 
among them again the cone; but here q K (s) <*■ s m , and the associated plane 
problem is determined by the Falkner-Skan equation (footnote 36) 
with m/3. 

Note added in proof. Several contributions to our subject appeared while this 
paper was in press, among them are: 

Stalder, J. R., Rubesin, M. W., and Tendeland, T., A determination of the lami- 
nar-, transitional-, and turbulent-boundary-layer temperature-recovery factors on a 
flat plate in supersonic flow, N.A.C.A. T.N. 2077. This is the first precision deter- 
mination of the recovery factor r for air, undertaken with the aim of checking the 
VV -theory. In the laminar range of the experiments, 0.2 X 10 6 < Re < 1.3 X 10 6 , 
with M = 2.4 and T„* = 560°R (100°F), the result was r = 0.881, that is 1.5% 
higher than the free stream value of V<r- 

Illingworth, C. R., Steady flow in the laminar boundary layer of a gas, Proc. Roy. 
Soc. (London), A199, 533 (1949). In this paper the influence of gravity on boundary 
layer flow is discussed, when the generators of the cylindrical surface of the obstacle, 
which are parallel to the z — axis, are perpendicular to the incident stream, but not 
necessarily horizontal. From a discussion of the corresponding three-dimensional 
boundary layer equations a condition is developed for the primary flow (for which 
d/dz = 0, y = 0) to be a reasonable approximation to the actual flow. This is 
applied to horizontal and vertical cylindrical obstacles; in the latter case a method 
of computing the cross flow due to gravity is given. 

In his discussion of the primary flow in a cylindrical boundary layer, Illingworth 
uses the Mises transformation (Eqs. 4.6, 7), modified as indicated in the first two 
paragraphs of IV, IG (Howarth). When Howarth’s assumptions <r = o = 1, 
{T v ) w = 0 are adopted, and the ^-coordinate is stretched by the introduction of the 

independent variable s = /o' ppu. a dx, it becomes possible to associate to a compressible 
boundary layer flow with given uj, -law an incompressible boundary layer flow with a 
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certain -law such that u c = u lno at points with same s and values. The mapping 

of the boundaries is given by the two equations x in0 ~ j Q 11 + ■jrKaOl"^, 

= a„.s MJp), where n = - |(3y - l )/(7 - 1).— The same result was obtained by 

S. Christensen in his Harvard thesis, 1951, and by K. Stewartson in Correlated 
incompressible and compressible boundary layers, Proc. Roy. *Soc. (London), A200, 
84 (1949), where it is applied (among other things) to cstimntc separation in flow with 
linear velocity lapse (cf. p. 56). Illingworth paper has also a section on the restricted 
problem with a> 1, for which an extension of the method of (11) is proposed. This, 
however, coincides in its essentials with Schuh’s method in (29). 

Several of the papers referred to have recently been made more easily accessible, 
viz. 

(9) is translated as N.A.C.A. Tech. Memo. No. 1256. 

(29) is translated as N.A.C.A. Tech. Memo. No. 1275. 

(25) has appeared in a more complete version in the Aeronautical Quarterly 
(RAS London) 1, 137 (1949). 
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I. Introduction 

In 1910 A. Bantlin (1) found experimentally that a curved tube is 
much more flexible in bending than a straight tube of the same cross 
section. The following year von Kdrmdn (G) gave a theoretical explana- 
tion of this phenomenon. Briefly, for a curved tube there is a tendency 
for the cross section to flatten because of the continual change of direc- 
tion of the stresses which are parallel to the center line of the tube and 
which balance the applied moment. When flattening takes place, the 
strain in the outermost fibers of the tube, for a given change of curvature 
of the center line of the tube, is less than it would be if there were no 
flattening of the cross sections. Consequently a smaller bending moment 
is required to produce a given change of curvature. Defining rigidity of 
the tube as the ratio of bending moment to change of curvature it follows 
that flattening of the cross sections reduces the rigidity of the tube. 

The situation may be illustrated by means of Fig. 1 which shows a 
tube in its undeformed and its deformed state. Let a be the radius of the 
center line of the undeformed tube, ad the length of the center line, l 

* Written with the support of the Office of Naval Research under Contract N5 
ori-07834. 
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the length of the outermost fiber, and b the distance of the outermost 
fiber from the center line. Let a — A a, 9 + Ad, l + A l, and b — Ab be 
the corresponding quantities for the deformed tube. Neglecting products 


of small quantities, let 

AK 


1 

a — Aa 


1 A a 
a a 2 


( 1 . 1 ) 


be the change of curvature of the center line of the tube. Since the 
center line remains unchanged in length we have the relation (a — Aa) 



( 9 + A 9) = aO or, again neglecting products of small quantities, aA9 
= 9Aa. Thus AK may be written in the alternate form 

AK = ^ (1.2) 

ad 

A simple calculation next shows that the strain A l/l in the outermost 
fibers is given by the relation 

A* _ -4-T^ - (1.3) 

t a -j- o \ o 0 / 

Consequently the effect of flattening will be appreciable as soon as the 
ratio A b/b is of the same order of magnitude as A a/a. 

Detailed analysis shows that the initial curvature of the center line 
of the tube not only increases the flexibility but has other effects as well. 
Marked deviations may occur from the linear distribution of stresses 
over the cross section which holds for a tube with straight axis, and 
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All the results referred to so far were obtained by use of minimum 
principles into which approximate expressions were introduced for dis- 
placements or stresses. In the present paper the problem is considered 
instead from a differential equation point of view. This is accomplished 
by considering bending of a curved tube as a problem of the theory of 
thin shells. This means that axisymmetrical stress distributions are to 
be determined in shells of revolution for which the circumferential com- 
ponent of displacement is not axisymmetric. 

The differential equations which are appropriate to a problem of this 
kind were obtained recently by one of the present authors (8). It was 
subsequently found that, for the special case of tubes with uniform wall 
thickness and piecewise uniform radius of curvature of the cross section, 
analogous differential equations had previously been obtained by Tueda 
( 10 ). 

On the basis of the differential equation formulation of the general 
problem we reexamine in what follows the problem of the tube with 
uniform circular cross section. Expansion of the solution in trigono- 
metric series leads to an infinite system of linear equations for the coeffi- 
cients of the series. We find that from this infinite system of equations 
we may obtain both the results previously obtained by application of the 
principle of minimum potential energy and by application of the principle 
of least work. The difference between the two types of results may be 
looked upon, within the scope of the present approach, as a difference 
between ways of reducing the infinite system of linear equations to a 
finite system. 

Using trigonometric series, the larger the value of the parameter 
b 2 / ah the larger is the number of terms which must be taken in the series 
to obtain quantitative results. In what follows, we show that this 
difficulty can be overcome by asymptotic integration of the differential 
equations of the problem. A direct check on the accuracy of this 
procedure is possible because of the overlapping of the ranges of parameter 
values where series solutions and asymptotic solutions are practical. In 
the asymptotic range we arrive at simple explicit formulas for all quanti- 
ties of interest. 

Mathematically the problem consists in finding the asymptotic form 
of a particular integral of a nonhomogeneous linear differential equation 
in which a large parameter multiplies a coefficient function which vanishes 
for certain values of its argument. Consequently our solution may be 
considered as an extension of what is often referred to as the W.K.B.J. 
method for the solution of homogeneous equations of this kind. 

The method of asymptotic integration is first applied to the problem 
of the bending of a tube with circular cross section and uniform wall 
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thickness. However, the same method is also applicable to problems 
concerning tubes with noncircular cross sections or with cross sections of 
nonuniform thickness. This is illustrated in the present paper by obtain- 
ing simple explicit results for a tube with elliptical cross section and 
uniform wall thickness. These results for an elliptical tube include 
those obtained for a tube with circular cross section as a special case. 

II. Formulation of the Problem (8) 

Considering the curved tube as part of a thin shell of revolution 
(Fig. 2), let the equation of the middle surface of this shell be written 
in the following parametric form 

r = r(£), z = z(t) (2.1) 

Let 

« = «(£), io = u>(£) (2.2) 



Fia. 2 

be the components of displacement in radial and axial directions of points 
of the middle surface. Let 

v = krO (2.3) 

be the circumferential component of displacement, where 0 is the polar 
angle in the plane z = 0. Let 

P = P(Z) (2.4) 

be the change, due to deformation, of the slope angle <f> of the meridian 
curves of the shell. 

Let 2V { , No, and Q be stress resultants, and let il/ £ and M 0 be stress 
couples in accordance with Fig. 2b. 

Assuming the absence of surface loads, the stress resultants may all 
be expressed by means of the conditions of force equilibrium for elements 
of the shell in the following form, 
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II 

* 

( 2 . 5 ) 

«© 

ii 

i 

* 

( 2 . 6 ) 

Ne = - 

( 2 . 7 ) 


In equations (2.5) to (2.7) ^ is a stress function, primes indicate differen- 
tiation with respect to £, and a is defined by 

a 2 = r '2 4. z'2 (2.8) 


The stress function may be interpreted as the product of the radial 
distance r and a horizontal stress resultant H = Ni cos <t> — Q sin ej>. 

In addition to the two conditions of force equilibrium, which are 
accounted for by (2.5) to (2.7), we have a condition of moment equilib- 
rium which may be \vritten in the form 

(rM ( )' - r’Mo + z’V = 0 (2.9) 


Admitting the possibility of elastically orthotropic behavior of the 
material, the stress resultants and couples are taken to be related to 
direct and bending strains in the following form 


Ng _ N e Ni 

/nr /Hr ’ ri 

Of C(B Ug 1,(0 

Mi = Dt kb, Mg = Dg kb -f- Die ki 


( 2 . 10 ) 

( 2 . 11 ) 


In equations (2.10) and (2.11) strains are expressed in terms of the dis- 
placements u and v and the rotation p as follows. 


u' z'p 

tiu - y - -y, 

U 7 

egu = — -f- k 

T 

(2.12) 

p' 

Kl = 

r'p 

Kg = 

(2.13) 

a 

ra 

Equations (2.12) imply a compatibility relation of the form 


(resar)' — r'eiM 

= z'p + r'k 

(2.14) 


One now combines equations (2.9), (2.11), and (2.13) on the one hand 
and equations (2.14), (2.10), (2.7), and (2.5) on the other hand to obtain 
the following two simultaneous equations for P and Sb 




(rDi/a) 


ffl 




<r/ a c t y 

(r/aCg) 




-m 


Ce 


Ci 


D e __ (r'Dte/ay~\ 0 , z'& 

(rDi/a) J P + (rDi/a) 

. (r'/aCja )'], z'j8 _ r'k 

(r/aCg) J* (r/aCg) ( r/aCg ) 


( 2 . 15 ) 

( 2 . 16 ) 
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Wien k}s set equal to zero, elastic isotropy is assumed, and only edge 
moments and horizontal edge loads arc applied, the foregoing two equa- 
tions reduce to those given by H. Rcissner and E. Meissner for axisym- 
metrical bending with axisymmetrical displacement.. 

Having obtained ^ and /3, the components of displacement « and to 
are determined by means of the following relations. 

v — rteu — rk (2.17) 

w = - r'/S)tf£ (2.18) 

The relation between the constant k and the change of curvature A J\ 
as defined by equation (1.2) is obtained as follows. From (2.3) koO = 
aAO where a is that value of r for which (nr = 0; that is, a is the radius 
of the neutral (cylindrical) surface. Hence k = A 0/0 and hence, in 
view of (1.2), we have the following relation between the clmngc of 
curvature A K and the constant k. 

A K = - (2.19) 

a 

Having solved equations (2.15) and (2.10) subject to suitable periodic- 
ity conditions for closed tubes, or to suitable boundary conditions for 
slitted tubes, a relation between the applied bending moment m and the 
change of curvature A K is obtained from the following relation which 
defines m. 

m = ]VA r fl - fz'Mt dZ (2.20) 

For a tube with closed cross section the integral involving Me in 
(2.20) can be neglected as contributing a term of the same relative 
order of magnitude as those disregarded in formulating the problem 
as one of the theory of thin shells. For a tube with open cross section, 
however, both terms should be retained. In this way it is possible to 
treat, for instance, the problem of pure bending of a ring with narrow 
rectangular cross section, where the major axis of the cross section makes 
a prescribed angle with the axis of the ring, as a problem of the theory of 
conical shells. So far as the authors know no solution of this problem 
has yet been given. 

III. The Equations for Bending of a Tube with Uniform Circular 

Cross Section 

Let h be the radius of the cross section of the tube and a the radius 
of the center line. The equations of the middle surface of the shell are 
then (see Fig. 3 on page 106) 

r = a + b sin £, z = -b cos f, a = b (3.1) 
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Let h be the thickness of the walls and assume that the material is 
isotropic. Then 

D ( -D.- 12( f^ - D, D'.-,D (3.2) 

Ci = Ce = Eh = C, = c/v (3.3) 

where E is the modulus of elasticity of the material and v is Poisson’s 
ratio. 

Introduce a dimensionless stress function ^ defined by 


* = 


yi2(i - g) 

Eh 2 


(3.4) 


and parameters X and y defined by 

X = n = Vl2(l - v 2 ) ~ (3.5) 

Cbfb 


Equations (2.15) and (2.16) now assume the following form 


0 " + 


r + 


X cos £ 

1 + X sin £ 


r ’ - \( _A°2LL_Y 4- yX sin * 1 b 

p |_ \1 + * sin £/ ^ 1 + X sin £J p 
sin £ 


+ m ■ 


= o 


X cos £ 

1 + X sin £ 


-[(r 


1 + X sin £ 

X cos | V pX sin £ 


+ X sin 

— m 


i-Y - - 

in U 1 
sin £ 


1 + X sin £ 


+ X sin £ 
0 = nk 


] 


cos £ 


1 + X sin £ 


(3.6) 


(3.7) 


Equations equivalent to these may be found in Tueda’s paper (10). 
They are there integrated by means of power series in sin £ which, it 
appears, is a less natural procedure for closed tubes than the one adopted 
in what follows. 

Before proceeding with the analysis we observe that, by assumption, 
h/b <5C 1 inasmuch as we have restricted attention to the problem of the 
thin shell. According to (3.5) we may write y. = — v 2 ) \(b/h ) 

so that for a thin shell we always have 


X« M 


(3.8) 


We may then simplify equations (3.6) and (3.7) to 

on i ^ cos £ sin £ 

13 + r+YiS! g + |, i + xsmt < '~ 0 

./.// I ^ cos £ ,, sin £ „ , cos £ 

* + r+rsn* -"nrxitoi^-^r+xis 


(3.9) 

(3.10) 



BENDING OF CURVED TUBES 


101 


It may be verified that this form of the two basic equations is obtained 
directly from (2.15) and (2.16) if a limiting form of orthotropy is assumed, 
namely, 

Di = D, Do — 0, D t0 = 0, Co = C, 1/C t = 0, 1/C t $ = 0 (3.11) 

This means that the bending moments M e are disregarded, which is 
consistent if we disregard them in (2.20), and that the direct strains in 
the meridional direction arc disregarded, which is consistent, since the 
theory of thin shells disregards transverse shearing strains and the 
meridional direct strains arc here of the same order of magnitude ns these 
shearing strains (see equations 3.12 and 3.13). The stress resultants 
and couples as defined by (2.5) to (2.7), (2.11) and (2.13) now become in 
terms of the solutions of equations (3.9) and (3.10) 


N t 

Q 

No 

M t 

Mo 


_ Eh 2 cos £ h 

~ a \/l2(l - w) 1 + X sin £ V 

Eh- sin £ f 

a \/ 12(1 - Pj 1+ X sin £ V 

- ™ 

h Vl2(l - w) 

... Eh* , 

612(1 - y-) P 
= vM t 


(3.12) 


(3.13) 


(3.14) 

(3.15) 

(3.16) 


An expression for the radial component of displacement u follows 
from (2.17), if in this we express ee.tr in terms of in the form 

m = [{b/nW - ah]( 1 + X sin $) (3.17) 

This may be transformed by means of the differential equation (3.10) into 

u = 6//9 sin $ c?£ — ak (3.17a) 

The axial component of displacement u> is, according to (2.18), 

w = -6J/3 cos $ (3. IS) 

In reducing (2.18) to (3.18) we have again taken account of the fact that 

X «p. 

Finally the relation (2.20) for the applied bending moment in becomes 

Eb*h f 2r 

m — I \f/ cos (3.19) 

In general the parameter X = 6/a in equations (3.9) and (3.10) is 
quite small compared with unity and may for practical purposes be set 
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equal to zero. This is what has been done in fact by von Kdrmdn (6), 
Lorenz (7), and Beskin (2). Some sample calculations concerning the 
effect of finite X have been carried out by Karl (5) and these confirm 

the suitability of assuming X = 0. Setting X = 0 means the same for 

the present problem as disregarding the difference between hyperbolic 
and linear bending stress distribution means for solid beams with curved 
axis. 

Under the assumption that X = 0 equations (3.9) and (3.10) become 

p" + ft sin £ ^ = 0 (3.20) 

\p" — p sin £ p = pfc cos £ (3.21) 

The integration of this system of equations will be considered next. 

IV. Trigonometric Series Solution for the Tube with Uniform 

Circular Cross Section 

For the simplified differential equations (3.20) and (3.21) the solution 
possesses properties of symmetry and antisymmetry with respect to the 
points £ = 0, x, ±7r/2 of such nature that suitable expansions are of the 
form 

oo 

P = — pkp ^ a 2n sin 2 n£ (4.1) 

i 

t = — pkp |~ cos £ + ^ b 2 „- 1 cos (2 n — l)£l (4.2) 

The significance of the factor p may be seen by introducing (4.2) into 

the expression (3.19) for the applied moment m. This gives 

m = El- p (4.3) 

a 

where 

I = M (4.4) 

is the moment of inertia of the cross section of the tube. Since k/a is 
the change in curvature it follows that p may be designated as a rigidity 
factor such that pEI is the effective stiffness of the tube. When a = 00 
and therewith p = 0 we have p — 1. For all other values of p the 
rigidity factor p will be less than 1. 

Let (xsm be the maximum fiber stress which occurs in the straight 
tube, i.e., 

mb 

<?SM = -j- 


(4.5) 
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Combination of equations (4.1) and (4.2) with equations (3.12) through 
(3.15) then gives the following expressions for direct and bending stresses. 


CBD ~ 


C{d — 


TO 


a {d = 


Ne 

h 

Nj 

h 

3 Q 

2 h 

Gil/j 

/i J 


■o 

= sin £ + (2 n — l)b 7n -i sin (2 n — l)£;j<rsjr 




(5; n -i + bzn+ 1) COS 2 71 £ 


] 


(6;„_i - 6 :n+ i) sin 2n£ er.™ 


tr.s 


(4.6) 

(4.7) 

(4.8) 


= “ -\j i i~ 7: £ ^ 7,ain cos 2?J $] (4.9) 


Let the amount of flattening in the horizontal (radial) direction and 
the amount of bulging in the vertical (axial) direction of the cross sections 
of the tube be 5,i and dr, respectively. It then follows from equations 
(3.18) and (3.17) that 


4no 5 „ 


h = 2» w -— +1) 


(2n - l)(2n + 1) 


(4.10) 

( 4 . 11 ) 


Having expressed stresses and displacements in terms of the coeffi- 
cients a 2 „ and 6 2n _! it is next necessary to determine these coefficients 
and also the value of the rigidity factor p. To this end equations (4.1) 
and (4.2) are introduced into the differential equations (3.20) and (3.21), 
which leads to the following infinite set of linear equations. 


(2n — l) 2 5»n-l — ~ Oin) = | 

( 2 n ) 2 a 2n — ■ 2 '^( 6 2 „_i — & 2n +i) = 0 


1/p, n = 1 
0, 7i = 2,3, • * • 


(4.12) 

(4.13) 


In equations (4.12) and (4.13) n assumes all positive integer values, the 
coefficient b i is unity, and coefficients with negative or zero indices have 
the value zero. Thus the first of each of equations (4.12) and (4.13) are 


4a 2 


, , 1 1 

1+0 P °2 = - 

l p 


— — 5.i) = 0 


(4.12a) 

(4.13a) 
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Assuming convergence of the series (4.1) and (4.2), approximate 
values of the coefficients may be obtained by neglecting all coefficients 
except the first few in the series. The approximation will become closer 
as more and more coefficients are taken into account. 

Let us set b 2m+ 1 = 0 so that we are taking account of m terms in the 
series for the stress function >p. We may then proceed in one of two 
ways. 

One procedure is to reduce equations (4.12) and (4.13) to a single 
system of equations for the coefficients b 2 „-i by introducing 

M h 2n— i — bzn+l 

° 2n ~ 2 (2n) 2 


from (4.13) into (4.12). This means that we have 

_ fl &2m-l n 

2m 2 (2m) 2 ^ U 

and thus we are taking account of m terms also in the series for fi. 
A second procedure consists in introducing 


_ fl 02n-2 - 02n 

~ 2 (2 n- l) 2 ' 


from (4.12) into (4.13). In order to have nov r as many equations as 
unknowns we must set 

U 2ri 0 


and thus we are taking account of only m — 1 terms in the series for 0. 

We find that by means of the first procedure, which retains an equal 
number of terms in the series for both \p and (3, we reproduce the results 
which can be obtained by an application of Castigliano’s theorem of 
least work as used by Lorenz (7), Karl (5), and Beskin (2). Application 
of the second procedure, which retains one less term in the series for 
/3 than in the series for yp ; leads, on the other hand, to the results which 
can also be obtained by application of the principle of minimum poten- 
tial energy as used by von Kdrmfin (6). 

In what follows we list the results of the various approximations, 
thereby extending and completing results previously obtained by earlier 
authors. 


1. No ft-Terms, One yp-Term Retained 

This leads to no correction due to the curvature of the center line of 
the tube as equations (4.12a) and (4.13a) give, with 02 = 63 = 0, the 
simple result that p = 1. 
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2. One p-Term, One ty-Term Retained 

With 63 = 0 in equation (4.13a), we have O; = and therewith 
from (4.12a) the following expression for the rigidity factor p, 

1G 


P = 


(4.14) 


1G + p 1 

Equations (4.1) and (4.2) now become 

P = — -g/i'pp* sin 2$ (4.15) 

\f/ = — tpp cos £ (4.1G) 

Direct and bending stresses as given by (4.G) and (4.9) become 

c$r> — &sxt sin £ (4.1/) 

3p 


oq/j — — 


2 \/l2(l - r 1 ) 


Csu cos 2£ 


(4.18) 


Expressions for horizontal nattening and vertical bulging follow 
from (4.10) and (4.11) in the form 


dn — — 5»- = 


ayr asu 

G E 


(4.19) 


The foregoing approximation was first obtained by Lorenz (7), who did 
not carry his work beyond this stage. More extensive results by Karl 
(5) and Beskin (2) include the above as a zeroth approximation except 
that these authors do not explicitly determine the amount of flattening 
and bulging. 

It is noteworthy that with the above approximation no account is 
taken of the effect of flattening on the distribution of the primary direct 
stress cod. 


S. One P-Term, Two \p-Tcrms Retained 


The following formulas are obtained. 


p = 


P 

* 


(Top 

&sm 

oqi? 

CSM 

da = 


1G + in 7 
1G + -W 

— v^PP 2 (l — rrrP 2 ) sin 2£ 

-kpy (cos £ + cos 3 ^) 

3 u 2 

Sin * + 144 + p* sin 3 * 

3/x f 2 \ 

“ 2 Vl2(l - v*) V 1 ~ 144% m s ) 005 2 * 
* _ °P 2 ( 1 P 2 \ cr s m 

- 5 "--FV 1 1- H4+7V'b 


(4.14a) 

(4.15a) 

(4.1Ga) 

(4.17a) 

(4.18a) 


(4.19a) 
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The above results correspond to what von Kdrmdn (6) called his 
first approximation. Explicit formulas for and o H and S v for this 
approximation are given here for the first time. 

Of particular interest is the fact that now the maximum value of the 
direct fiber stress g$d does not necessarily occur at the point £ = tt/ 2, 
which is farthest away from the neutral axis. The following results 



are found for the maximum value, ere dm, of <tod on the basis of equation 
(4.17a) 


where 


ffBDM 


gbdm 


~ <T fl0 Q - ^1 144 + ^ &SM, 

\ 1 (144 + 10ju 2 ) ?4 

- *«($*) - ^ -044 + ^ W 


ju < 2.353 
M > 2.353 


(4.20) 


= sin -1 




(4.21) 


This result may be compared with the maximum value g^bh of the bend- 
ing stress <r tB which occurs at £ = 0 and which is given by 


Gsil 


3m 

2 Vl2(l - v 2 ) 



144 + 


M 2 ) 


(4.22) 


Comparison of equations (4.20) and (4.22) indicates that for sufficiently 
small values of m the bending stress cr iB is smaller than the direct stresses 
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(rev but that this situation reverses itself as p increases beyond the value 2, 
approximately (see Fig. 7). 

J+. Two {5-Tcrms, Two \f>- Terms Retained 

We now find the following results 

' - Te 

» ~ - S *■’ (lOT 2{ + TOT’ 6in 4( ) (4 -' 5b) 


,16 + rf’en 2 


16 + thtp 3 


= — A'PP 


cos £ + cos 3£ 

144 + tP* / 


144 + in 2 


(4.14b) 

(4.15b) 

(4.10b) 

(4.17b) 

cos 4£ 
(4.18b) 

(4.19b) 


Equation (4.14b) for p corresponds to Karl's (5) first approximation 
for this quantity by means of the theorem of least work. This author 
also proves that the exact value of p is greater than the value given by 
(4.14b) and less than the value given by von Kdrmdn’s first approxima- 
tion (4.14a). 

Concerning the maximum fiber stress <ret>u we now find the following 
results. 


C$D _ 

<rsir 

. , , 3p 2 

Sm 5 + 144 + 

tP 1 

sin 3$ 



(t^b _ 

3p 


[A _ 

P 3 \ 

ros 2f -4- 

GSJf 

2 Vl2(l - 

p 2 ) 

IA 

144 + ip 3 / 





Op 2 ( 

^1 roP 

2 \ (TS>I 



5// 

0 \ 

, 144 + 

in 2 ) E 



. * 

ap 2 / 

f P 

1 TffP 

2 \ asst 



Of 

0 \ 

v 144 + 

in 2 ) E 


&0DM — (Ton 


( 2 ) 0 144 + $p 2 ) M 


< 2. 305 


_ \ _ 1 (1^4 + "V'P 1 )* 4 . 0 ncr 

aeon - <r ff x>(S«) = ^ ■ -^4 ~ q_ -q~?j P > 2.30o 


where 


t / 4 . 41 

= \7’ + m 


(4.23) 


(4.24) 


The results are seen to be quite similar to those in equations (4.20) and 
(4.21). 

The maximum values of the bending stress cr ( n follow from (4.18b) 
in the form 

VtBM 3p f ^ _ -gp 2 \ 

<tsm 2 Vl2(l - V 2 ) \ 144 + $p 2 y (4.25) 
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Comparison of (4.25) and (4.22) shows that the step from the preced- 
ing to the present approximation has more effect on the values of «r £B « 
than it has on those of <js dm- This is to be expected as is given directly 
by an expression which has now two terms instead of the one before. 

We finally note that, for the first time with this approximation the 
amount of radial flattening does not coincide with the amount of axial 
bulging as given by equations (4.19b). 

We could continue the discussion along these lines but evidently 
explicit results become progressively more complex. 1 Instead we shall 
next show that an asymptotic integration procedure makes it unnecessary 
to go farther than we have done here with the trigonometric series 
solution. 

Before doing this, however, it may be of some interest to list two 
expressions for the rigidity factor p in the form of continued fractions. 
These continued fraction expansions are obtained from the recurrence 
relations (4.12) and (4.13) after these relations are written either in 
terms of the coefficients a 2 „ or b 2n - 1 - The possibility of these expansions 
is due to the fact that the recurrence relations are three-term relations. 
The results are as follows. 




3V 


4 • l 2 • 2 2 • 3 2 + Q 2 + 3 2 )p 2 

5V 


3 2 • 4 2 • 5 2 + (3 2 + 5 2 )p 2 - 
(2 n - 3) 2 (2 n + 1)V 


4(2 n - 1) 2 (2b) 2 (2b + l ) 2 + [(2 n - l) 2 + (2n + 1) V - 


(4.26) 


or 


P = 


16 


16 + p 2 - 


4V 


4 • (2 • 3 • 4) 2 + (2 2 + 4 2 )p 2 - 
(2 n - 2) 2 (2n + 2)V 


4(2ti) 2 (2b + l) 2 (2n + 2) 2 + [(2 r) 2 + (2 n + 2) 2 jp 2 


(4.27) 


If one retains one, two, or three fractions on the right of (4.26), one 
obtains von Kdrmdn’s first, second, or third approximation for the rigidity 
factor p. 

Similarly .equation (4.27) leads to the successive approximations for p 
which have been obtained by Karl by the application of Castigliano’s 
theorem. 


1 Numerical calculations which correspond to a retention of six terms in both the 

and the ^-series may be found in the paper by Beskin (2) which has been referred 
to previously. 
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V. Asymptotic Solution for the Tube with Uniform Circular 

Cross Section 

In order to obtain solutions of the differential equations (3.20) and 
(3.21) which for sufficiently large values of the parameter n sre more 
convenient than the series solutions (4.1) and (4.2) we proceed as follows. 
We first reduce the two real equations (3.20) and (3.21) to one complex 
equation by introducing a function 7, defined by 

Z = /3 + (5.1) 

The differential equation for Z is 

7j" — in sin £ Z — ink cos £ (5.2) 

Because of the symmetry of the state of deformation with respect 
to the radial and axial lines through the cross section of the tube, it is 
sufficient to determine the function Z in the interval 0 < £ < rr/2. We 
have at £ = 0 the symmetry conditions of horizontal tangent and of 
vanishing longitudinal fiber stress which expressed in terms of p and ^ 
read as follows 

>3(0) = 0, *'(0) = 0 (5.3) 

In order to obtain conditions at $ = r/2 it is observed, on the basis 
of the trigonometric series solutions, that the range of appreciable 
stresses <tod and a^n becomes a narrower and narrower region in the 
neighborhood of £ = 0 as the value of the parameter n increases. This 
suggests application of the method of asymptotic integration with 
respect to the now large parameter n- Restricting attention for the 
moment to the neighborhood of £ = tt/2 it is apparent that a particular 
integral of (5.2) may be obtained by an expansion in inverse powers 
of /i. We may express this fact in a form which is appropriate for the 
present purposes by writing 

Z = -k cot £ + 0 0 (5.4) 

Evidently this solution ceases to be significant in the neighborhood of 
£ = 0. However, when £ is small we have sin £ ~ £, cos £ « 1 and 
equation (5.2) may then be approximated by 

Z " — ink Z = ink (5,5) 

It remains to interpolate between the solution of (5.5) and the 
expression (5.4) and this we do in the following manner. We introduce 
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a new variable x defined by 


x = sin £ 

(5.6) 

and a new function T defined by 


Z = in^k cos £ T(x) 

(5.7) 

The function Z of (5.7) will satisfy the boundary condition (5.4) pro- 

vided we have, as x — > °° , 


T(x) ~ \ 

(5.8) 

For values of £ in the neighborhood of £ = 0 we have from (5.7) and (5.6) 


(5.9) 

This expression will satisfy equation (5.5) provided T(x) satisfies the 

differential equation 


** 4L 

1 

II 

I-* 

(5.10) 

From (5.1) and (5.7) the relation 


yf/ — i/3 = fjfik cos £ T(x) 

(5.11) 

follows. Writing 


T(x) = T r (x) + iTiix) 

(5.12) 

(5.11) reduces to 


yp = fj/^k cos £ T r (x ) 

(5.13) 

0 = —n H k cos £ Ti( x) 

(5.14) 

The boundary conditions (5.3) become the following 
the real and imaginary parts of the function T(x), 

conditions for 

Ti( 0) = 0, 77(0) - 0 

(5.15) 

The boundary condition (5.8) may be written in the form 


lim xTi(x) = 1, lim xT r (x) = 0 

(5.16) 


X — ► 00 


A solution of the basic differential equation (5.10) which satisfies 
the limit conditions (5.16) can be expressed in terms of a suitable Lommel 
function as follows (11) 

T(x) = -f(t») H So. w [t(tt) M ] (5-17) 

It happens that this solution also satisfies the boundary conditions 
(5.15) so that no solution of equation (5.10) with right-hand side set 
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equal to zero lias to be superimposed. This is seen on the basis of the 
following representations of T{x) as defined by (5.17) 

T r (x) = s r (x) + y[hi, T {ix) -f VS hu(ix) + hi.r^ix) — Vs h*,i(ix)] 

Ti(x) = Si(x) + y[— V3 hi,r(ix) + hi,i(ix) + VS h», T (ix) + 

(5.18) 

T'r(x) = s’ r (x) + y[V3 h'Uix) - *',.,(«) - V3 h'*,r(tx) - h'u(iz)] 
T’i(x) = s'i(x) + 7[A'i.r(fi) + Vs h’uiix) + h' 2 . r (ix) - VS A's.<(w)] 

In equations (5.18) hi and h« are modified Hankel functions of order 
one-third which have recently been tabulated (3), y is a constant given 
by 

t - (jti) (IT - o - 3, ° ■ • • (5 - i9) 

and s r and s< are power scries of the form 


s r (x) 


s,(x) 


o 

•c 


(-i)"rq)m) 

ra + 2 n + l)r($ + 2» + 1) 3 "+* 

(-i) n ra)r(§) x c ^ 
r(i + 2 n + 2 )r$ + 2 n + 2) 3 4 "+< 


(5.20) 


For large values of x the following asymptotic expansions hold 


T r {x) = 


1-2 (1 • 4 • 7) (2 -5-8) 


.10 


+ 


J'.M _ I _ (1 • Vf • S) + 


(5.21) 


For the purpose of calculating values of the functions T and T' by 
numerical integration of the differential equation (5.10), it is noted that 
the representation (5.18) to (5.20) implies satisfaction of the following 
additional initial conditions 


7V(0) = -1.288, 77(0) = 0.939 (5.22) 

Figure 4 contains graphs of the values of the functions T r , T if T/, T/ 
which are needed for application of the theory. 

We may now apply the foregoing considerations in determining the 
quantities which are of interest in the tube bending problem. We begin 
by obtaining an expression for the rigidity factor p as defined by equation 



(5.23) 


(4.3). Combination of (4.3), (4.4), and (3.19) gives 

" = - is f > cos f 

In (5.23) we introduce (5.13) to obtain 

a f */ 2 

I T r (x) cos 2 £ 


P = 


7TJU 


% 


(5.24) 



Fig. 4. Values of T r (a:), (x) and their derivatives. 


Introducing x as tbe variable of integration by means of (5.6), this 
becomes 

)‘ T ' ix)ix (5 ' 25) 

In view of the behavior of the function T r the main contribution to the 
value of the integral comes from the neighborhood of x = 0 so that we 
may replace (5.25) by the simpler relation 


= _± 

Vfi Jo 


T r (x)dx 


(5.26) 


The value of the integral in (5.26) has been determined by numerical 
integration and within three-figure accuracy it is found that 


L 


7 r 


T r (x)dx = ~ g 


(5.27) 




We thus have the following simple asymptotic expression for the rigidity 


factor p, 



(5.28) 


Equation (5.28) is to be compared with equations (4.14) which give p 
for sufficiently small values of p. By more refined analysis it should be 
possible to establish explicit bounds for the error associated with the 
use of equation (5.28). Wc content ourselves here with a comparison 



0 8 1.0 2 3 5 10 20 30 50 100 200 


Fig. 5. Rigidity factor p as function of the parameter p = \/l2(l — »•’) (b'/ah). 
Curve A represents results according to equation (4.14b). Curve li represents 
asymptotic results. Circles represent numerical values tabulated in (2). 


with the numerical computations of Beskin (2) based on trigonometric 
series for /3 and \p containing six terms each. This comparison shows 
that equation (5.28) is in error by less than 2 per cent for p greater than 
10 and that the percentage error decreases as p increases. For values 
of p less than 10, equation (4.14b) (two /3-terms, two ^-terms retained) 
is adequate. The two equations (4.14b) and (5.28) then cover the entire 
range of p-values with an error of less than 2 per cent. 

Equations (4.14b) and (5.28) are plotted in Fig. 5 as well ns Beskin’s 
results. It is remarkable that the asymptotic form (5.28) is quite 
accurate even for values of p as small as 3. 




114 


R. A. CLARK AND E. REISSNER 


Turning next to the determination of the values of the circum- 
ferential fiber stress <tod we have, in view of (3.14) and (5.13), 


0SD ~ 


No 


Eh 


h b Vl2(l - v 2 ) 


cos £7V(x)] 


(5.29) 


As we know from the trends of the trigonometric series solutions that 
for sufficiently large values of y the values of the stress (Tbd are negligible 
everywhere except for values of £ which are near zero, we may simplify 
equation (5.29) by setting in it cos £ = 1 and £ = y~^x. This gives 


VBD — 


Ehy^k dT r (x) 


b Vl2(l - v 2 ) 


* • {<< 1 


According to (4.3) and (4.5) 


k = 


am 


<tsu a 


EIp E bp 


(5.30) 


(5.31) 


Introduction of k from (5.31) and p from (5.28) with y as defined in 
(3.5) leads finally to the following expression for <tod, 


ere d 
(Tsm 


1 dT T (x) 


= - 


7 r 


dx 


z = m*£, £ «^ 


(5.32) 


From equation (5.32) we may determine for what value £ = £m the 
stress a or, assumes its maximum value <tbdm and what the magnitude of 
a-BDir is. A maximum of <rg D occurs when T/'(x) = 0, or, according to 
the differential equation (5.10), when xTi{x) — 1. The smallest value 
of x for which this equation holds is x = 1.225. Consequently 

^ (5-33) 

which shows that as y increases cod becomes largest at a section nearer 
and nearer to the neutral axis of the cross section of the tube. 

Since 7V(1.225) = 0.753 it follows from (5.32) that uodm is given 
for sufficiently large values of y by the following simple formula, 

eroDii = 0.377 y^iTsu (5.34) 

Again comparing the asymptotic formulas obtained here with Beskin’s 
numerical calculations it is found that equation (5.33) for £. v is accurate 
■within 2 per cent for y greater than 5, and that equation (5.34) for <todm 
is accurate within 2 per cent for y greater than 12.5. On the basis of 
Fig. 7 it is to be noted that the asymptotic formula for <tbdm is qualita- 
tively correct for values of y as small as y = 4. 
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In Fig. 6 we have plotted the values of in accordance with formulas 
(4.24) and (5.33). Figure 7 shows the values of treoM as given by (4.23) 
and (5.34). It is recalled that (4.23) and (4.24) were obtained by retain- 
ing two terms in each of the series for 0 and 



Fio. 0. Angle for which maximum circumferential stress e t nsr occurs plotted 
as a function of p. Curve A represents results according to equation (*1.2-1). Curve 
B represents asymptotic results. Circles represent values tabulated in (2). 


It remains to obtain an asymptotic formula for the bending stress 
o-jjj. From (3.15) and (4.9) it is seen that 


C(B = 


Eh dp 


and, with (5.14) 


26(1 - v') r/£ 


Ehn^k cl r „ m , N1 
tD 26(1 - ,.’-)rf^ C0S f 


(5.35) 


(5.36) 


’l he stress oqc assumes its maximum cq/ur for £ = 0. Proceeding in the 
same manner as in going from (5.30) to (5.32) we find 


ctsm 


Vj3 f _ 

2 *\/l 


^ /d7\\ 


(5.37) 


With 7Y(0) = 0.939 this formula may be written in the form 


oiBM = -0.813(1 - r 3 )-~>VWu (5.38) 

A comparison of (5.38) and (5.34) shows that for sufficiently large values 
of n, say for n > 10, and <r tD „ are proportional to each other and 
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that the wall bending stress a^M is more than twice as large as the 
maximum value aeon of the longitudinal fiber stress. 

The values of <tibm given by (5.38) do not agree as closely with the 
numerical results of Beskin as do the values of <rei>M given by (5.34). 
For ju = 10 the difference between Beskin’s value and that obtained 
from (5.38) is 7.4 per cent. This difference diminishes as p increases 



Fig. 7. Maximum circumferential direct stress o-odm and maximum meridional 
bending stress trfsjir plotted as functions of p. Curve A represents <tbdm/<tsm as given 
by equation (4.23). Curve B represents o-odm/vsm as given by asymptotic formula 
(5.34). Curve C represents (1 — v^^bm/ctsm as given by equation (4.18b). Curve 
D represents (1 — v^^bm/csm as given by asymptotic formula (5.38). Circles repre- 
sent the values of the corresponding quantities as tabulated in (2). 

and is less than 2 per cent for p = 100. These differences are remarkable 
since the asymptotic values for <t(bm should be as accurate as the cor- 
responding values of <xodm. 

We finally list in this section an expression for the amount of flatten- 
ing of the tube. From (3.17a) it follows that 

5b = u - u = -2b J ^ 0 sin £ d% (5.39) 
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Into this formula is introduced 0 from equation (5.14) and e?£ is 
expressed in terms of dx by means of equation (5.G) to obtain 

S a = ~ xl\(x)dx (5.40) 

J 0 

Since we have xTi - 1 — TV", according to the differential equation 
(5.10), and T/(0) = 0 according to (5.15), it follows that 

in = 25/^1 ~ (5.41) 

or, within the accuracy of the present calculations, 

8 n ~ 2bk (5.41a) 

With k from (5.31) this may also be written in the form 





(5.41b) 


If equation (5.41b) is compared with the corresponding expression 
(4.19b) valid for smaller values of n, if is seen that the quadratic varia- 
tion with n tends to become linear as m increases. 

An alternate form of (5.41b) is 


y = vW 


( b\ CSM 

w TT 


(5.41c) 


This is of interest as indicating that in the range of sufficiently large 
values of /i the amount of flattening for given bending moment is inde- 
pendent of the curvature of the center line of the tube. 

Corresponding to equation (5.40) for the flattening of the tube we 
obtain from equation (3.18) the following expression for the amount of 
vertical bulging 


Sr = 


~ m lo 4 1 - (#>)’ 


(5.42) 


We content ourselves with observing that $r as given by (5.42) is of the 
same order of magnitude in m as is 5 /f , but do not attempt here to further 
evaluate (5.42). 


VI. The Equations for Bending of a Tube with Uniform Elliptical 

Cross Section 

The parametric equations of the middle surface of the shell may be 
taken in the form (Fig. 8) 


r = a + b sin £, 


z 


c cos £ 


( 6 . 1 ) 
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The differential equations (2.15) and (2..16) assume the following 
form for an elliptical tube of isotropic material 


X(1 - e 2 ) cos | - e 2 sin g cos g , 
** ' (1 -f X sin £)(1 — e 2 cos 2 £) 

17 X cos $ \ 

[\1 + X sin £/ 


„ X(1 — c 2 ) cos £ — e 2 sin £ cos £ , 

^ (1 + X sin £)(1 + e 2 cos 2 £) 


, rX sin £ 

(1 + X sin £)(1 — e 2 cos 2 £)_ ^ 

, u sin £ Vl — e 2 cos 2 £ . _ 

+ : — : y — U 

VI — e 2 (1 + X sin £) 


( X cos £ 'N 

2 v\ sin £ 

L\1 + X sin V 

(1 + X sin £)(1 — e 2 cos 2 £)_ 


Vl - e 2 (1 + X sin £) 


1 + X sin £ 


( 6 . 2 ) 


_ * \ ■ \ - 

ju sin £ Vl — e 2 cos 2 £ _ cos £ Vl — e 2 cos 2 £ 


(6.3) 



Fig. 8 


In (6.2) and (6.3) the stress function $ is defined as before by equa- 
tions (3.4) and (2.5) to (2.7). The parameter p is now of the form 

M = Vl2(l - r 2 ) ~ (6.4) 

while X = b/a as before. The parameter e is the eccentricity of the ellipse; 
that is, 



VII. Asymptotic Solution for the Tube with Uniform Elliptical 

Cross Section 

For small values of p. the problem has recently been treated by Huber 
(4) by means of the principle of minimum potential energy. In what 
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follows we apply the method of asymptotic integration to obtain explicit 
results for sufficiently large values of p. If we assume that b/c is of 
order unity, that is if wc exclude extremely narrow tubes then, for 
M » 1, equations (6.2) and (6.3) may be replaced by the following simpler 
equations. 

/?" -f psin £ VO ~ c a " cos 2 £)/(! -V s ) ^ = 0 (6.6) 

4>" - n sin £ \/(l - c 1 cos 3 £)/(l - c 2 ) p = p/c cos £ \/I - c 2 cos 2 £ (6.7) 

When c = 0 these two equations reduce, as they should, to equations 
(3.20) and (3.21) for the tube with circular cross section. 

For the function Z — j8 -f i\p we have now the complex differential 
equation 

Z" — ip. sin £ \/ 0 ~ e 2 cos 1 £)/(l — c 2 ) Z = ipk cos £ \/l — c- cos 2 £ 

( 6 . 8 ) 

which corresponds to equation (5.2) for the circular tube. 

We now proceed in complete analogy to what has been done in 
section V for the case c — 0 and obtain the following approximate 
solution of equation (6.8) which satisfies appropriate boundary condi- 
tions for £ = 0 and £ = tt/2, 

Z = cos £ \/l — c 2 cos 1 £ 7\x) (6.9) 

In this equation T(x) is defined by (5.17) and the variable x is now 
given by 

x = n H sin £ V(1 — c‘ cos 1 £)/(l — c : ) (6.10) 

An expression for the rigidity factor p follows from (2.20) and (4.3) 
according to which 

k f 2r 

ptf/-= raNodZ (6.11) 

With No from (2.7) and 4' from (3.4) there results from (6.11), after 
integration by parts, the following expression for p. 

4 heb* f r/2 t 

*=- — ] 0 ( 0 . 12 ) 

The moment of inertia I of the tube cross section is given by 

I = J Q Zr (r - a) z had £ 

= 4/icb 2 j' /2 sin 2 £ V 1 - c 2 cos 2 £ tf£ 

= 4 hcb*J(e) (6.13) 
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The integral J{e) may be expressed in terms of complete elliptic integrals 
of the first and second kind as follows. 

3e 2 J(e) = (1 + e 2 )£(e) - (1 - e 2 )2?(e) (6.14) 

For 0 < e < 1 the quantity J(e) varies within the narrow range 

J(0) = l> J( 1) = | (6-15) 


Combination of (6.12) and (6.13) gives 

"-ml, T^ oa(ii 


(6.16) 


In the range of values of /i for which the asymptotic solution (6.9) applies 
equation (6.16) becomes, with if/ = Imag. {Z}, 


-1 [ v/2 
J{e) Jo 


yr^ T t (x) cos 2 £ a/1 — 


e 2 cos 2 £ d£ 


(6.17) 


When e = 0 equation (6.17) reduces to (5.24) as it must do. If now d£ 
is expressed in terms of dx by means of (6.10), equation (6.17) is changed 
to 


- yr^T 2 f 

J (e)n Jo 


Tr{x) 


1 — e 2 cos 2 £ 
1 — e 2 cos 2 £ 


cos £ dx 


(6.18) 


and this, in view of the character of the solution for large x, may be 
replaced by 


P = 



T r (x)dx — 


ir y/ 1 — e 2 
2 nJ (e) 


(6.19) 


If we write equation (6.19) in the form 

P = 7 77 \ — 7 ===— (6.19a) 

4T(e) V3(l - v 2 )c 2 

and observe that -k/^J ( e) varies by less than 20 per cent as e 2 = 1 — (5/c ) 2 
varies from zero to unity, we may conclude that, for sufficiently large 
values of n (n greater than 5, say), the rigidity factor of the elliptical 
tube is nearly the same as the corresponding factor for the circular tube 
with cross-sectional radius equal to the major axis of the elliptical section, 
provided the major axis of the elliptical section is parallel to the axis of 
revolution . 2 


2 Since this account was written we have carried out some calculations for the tube 
with elliptical cross section, using the trigonometric series method. We find that 



BENDING OF CURVED TUBES 


121 


We may again determine the location and magnitude of the maximum 
circumferential fiber stress croon. We find that 


is equivalent to 


No _ 
<ret> — ~r~ — 


Eh 


h a Vl2(l - r ! ) 




con — 


fi’VcEh 


•%/ 12(1 - v-) c 


T r '(x) 


( 6 . 20 ) 

(6.20a) 


in the range of applicability of the asymptotic solution. With kfa = 
m/pEI and asst = mb/I (6.20a) may be written in the form 


~ T/(x) 


(6.20b) 


where p is to be taken from (6.19). As for the circular tube we find 
from (6.20b) that the maximum value, a ton, of c ret> occurs for x = 1.225. 
Again assuming cos £ ~ 1 and sin £ ~ £ it follows that the position of 
the maximum is given by £« = 1.225//!** or 


- 1-225 _ 3 p 

'V/12(1 -"».*) * \l>c 


( 6 . 21 ) 


Equation (6.21) gives directly the distance r,u — a from the neutral 
axis of the most, highly stressed circumferential fiber in units of the 
semi-axis b. 

With 7V(1.225) = 0.753 we obtain from (6.20b) for the maximum 

of COD, 


croon _ 0.753 _ n -1.7(c) p ?1 

rr — vJ.o/f — t ======= 

0'S st pv” - a /1 — c- 


( 6 . 22 ) 


Written in more explicit form (6.22) becomes 


— = 0.377 (12(1 - ,!))» - 

ersn 7r 6- 5 a ?4 /i ?i 


(6.22a) 


We finally determine the maximum value of the bending stress cr {/ , 
in the range of validity of the asymptotic theory. We have in view of 
(2.11) and (2.13) 


6M t Eh 0' 
h- 2(1 - „*) a 


(6.23) 


while somewhat larger values of /i are required than for the tube with circular cross 
section for the same degree of accuracy of the asymptotic solution, the asymptic 
results are within a few per cent of the series results ns soon as M has a value of about 10. 
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As /S' is largest for £ = 0 it follows from (6.23) that 


G\BM ~ 


Eh m = _ E h j^k (6.24) 


2(1 - v*)c vT^7 2 2 (* “ " 2 ) c 


With Ti(fl) = 0.939 and performing the same steps as in going from 
(6.20a) to (6.20b) we find 


a iB u 0.939 V3 1 0-813 47(e) h 

Vi - v 2 p ^ Vi - j ' 2 *■ Vl 


54 


fTSif ' 


(6.25) 


A comparison of (6.25) and (6.22) indicates the fact that the ratio of 
maximum bending to maximum direct stress is constant for values of p 
which are large enough for the asymptotic theory to be applied and that 
the value of this ratio, a^u/ceDu = 2. 16/(1 — v 2 )^ is independent of the 
ratio of the semi-axes b and c of the cross section of the tube. 
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I. Introduction 

We shall call inverse an investigation of a partial differential equation 
of physics if in it the boundary conditions (or certain other supple- 
mentary conditions) are not prescribed at the outset. Instead, the 
solution is defined by the differential equation, and certain additional 
analytical, geometrical, kinematical, or physical properties of the field. 
In the semi-inverse method some of the boundary conditions are prescribed 
at the outset, whereas others are left open and obtained indircctl}’ through 
certain simplifying assumptions concerning the properties of the field. 
A classic example for this is St. Venant’s theory of the elastic rod in 
which only stress systems are considered which leave the mantle surface 
of a cylindrical rod free from loads, while the exact distribution of the 
forces on the two bases is not prescribed in advance. There is, of course, 
no sharp line of demarcation between the inverse and the semi-inverse 
procedure. Obviously our subject overlaps considerabl3 r with that of 
“exact” or closed solutions of the equations of the mechanics of continua, 
although they are by no means identical. The inverse and semi-inverse 
method in most cases reduces a system of differential equations in three 
independent variables to a system having only two, or one, independent 
variables which may, or may not, admit an exact solution in closed form. 

1 Sponsored by the Office of Naval Research. A major part of this paper was 
written while the author was connected with the Naval Ordnance Laboratory. White 
Oak, Md. 
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On the other hand, exact solutions may come from a direct approach. 
Investigations based upon an inverse approach do not necessarily lead to 
new solutions. Often the result is negative; that is, the nonexistence of 
certain types of solutions is established. 

Inverse and semi-inverse investigations have been made in all fields 
of the mechanics of continua. The variety and volume of the results 
obtained in the various fields is very great; a survey aiming at complete- 
ness would require a whole book and a bibliography containing about 200 
or more items. In the present paper, therefore, merely characteristic, 
and, it is hoped, representative examples will be given from the various 
fields, with the aim to elucidate the nature, the value, and the potentiali- 
ties of this approach. The methodic questions are dealt with more 
systematically in the concluding parts of the paper. 

Although methodic viewpoints were decisive, personal preferences 
of the present writer were also influential in the selection of the material 
presented. Part of it originates in the writer’s own research work, 
or in his joint work with Prim, and includes some as yet unpublished 
results. 


II. Motion of Incompressible Inviscid Fluids 

The first example of the use of inverse methods in fluid dynamics is 
to be found in Euler’s earliest paper on hydrodynamics [Novi Comm. 
Acad. Petr. 6 (1756-57), 271-311 (1761); this paper is earliest in respect 
to composition, though not in respect to publication]. Having proved 
that what is now called the velocity potential of an irrotational motion 
of an inviscid fluid must satisfy the equation V 2 4> = 0, Euler noted that 
any such function yields a possible fluid motion. He then calculated 
and discussed the polynomial solutions up to the fifth degree, thus obtain- 
ing the first nontrivial exact solutions for any theory of the dynamics of 
continua. 

In the early development of the dynamics of inviscid, incompressible 
fluids the method of singularities, especially the use of concentrated 
sources, sinks, doublets, and vortices, played a considerable role. In the 
early work of Rankine (1) and Kelvin the singularity method was a 
semi-inverse method, because the boundary conditions could be pre- 
scribed at the outset of the investigation only very vaguely. From this 
approach there gradually developed a method for the direct solution of a 
wide variety of boundary-value problems of the potential function. I 
do not intend to discuss the singularity methods of the theory of potential 
flow, because they go beyond the scope of the present paper; in fact 
taking into account important new developments, they would require a 
separate report comparable in length to the present one. 
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Another inquiry characteristic of the inverse approach is this: Find 
all irrotational, steady-flow patterns of an incompressible fluid for which 
the velocity magnitude is constant along each streamline. If we restrict 
attention to plane irrotational flow, only the circulating flow (induced by 
a single vortex point) and the uniform, rectilinear flow fulfill the condi- 
tions; this follows immediately from simple relations of the theory of 
functions of a complex variable. However, in space the question is 
not without difficulty, and was not solved completely before 1937. 
In that year von Laue conjectured, and Ilamcl (2) proved, that the only 
flow in space satisfying this condition is that which is obtained by super- 
imposing upon a circulating flow a uniform flow perpendicular to its 
plane. The streamlines of this combined flow arc obviously ordinary 
coaxial helices, which are orthogonal to a family of congruent, helicoidal, 
minimum surfaces. 

A remarkable generalization of this problem is the following. 'Which 
“doubly laminar” flow fields, that is, fields the velocity of which is the 
product of a scalar and an irrotational vector, have constant velocity 
magnitude along each streamline? The complete answer was given, 
after preliminary work of Castoldi (3), by Prim (3a) in an as yet unpul>- 
lished memoir. 2 

For general, that is, non doubly laminar rotational flow, the condition 
of constant velocity magnitude along streamlines is not yet known, except 
for the case of straight, streamlines. A very complete discussion of these 
flows without acceleration was given by Merlin (-1) in 193S. 

Flows of a constant velocity magnitude along each streamline have an 
exceptional position from the standpoint of the uniqueness of the 
solution. It is quite obvious that any velocity field of an incom- 
pressible, inviscid fluid in the absence of body forces (and this is assumed 
throughout this group of investigations) can be multiplied by ari 3 f 
constant scalar factor and still satisfy the Euler equations. Quite 
recently, however, Gilbarg (5) has shown for the plane, and Prim (G) 
for the general spatial case, that flow patterns admitting a constant 
velocity magnitude along each streamline arc the only ones which are 
consistent with essentially different velocity distributions, that is, which 
admit a nonconstant scalar multiplicator in the velocity field. 

Opposite, so to speak, to the doubly laminar flow is a flow for which 
v X curl v = 0, where (v is the velocity vector). This broad and 
interesting flow type was discussed in a classic paper by Beltrami (7), 
who gave unsteady as well as steady flow examples. The following 
spatial example showing cyclical symmetry may be quoted: 

2 Pbm 8 result is valid also for nonhomogeneous incompressible, and for a broad 
class of homogeneous compressible fluids. 
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v x = Ti cos 2 Ty + T s sin 2 Tz 
v y — Tz cos 2 Tz -f Ti sin 2 Tx 
v z = Ti cos 2 Tx + T 2 sin 2Ty 


Ti, Ti, T z , T being functions of the time t. If we choose Ti and T 2 = 0, 
we obtain a flow pattern the streamlines of which are at any instant 
straight lines, but whose direction varies with z and t. This extremely 
simple case is a special case also of the following flow included in Beltrami’s 
discussion: 


v x 

Vy 


dFi 

dr ' 




+ dr e 


.\dFy iz dFi _. z l 

L dr dr j 


F i and F 2 are conjugate complex functions of the variable r = x + iy 
and of t, while Z is a function of the real variables z, t. This example 
is (in Berker’s (11) terminology) a “pseudo-plane flow of the first kind,” 
that is, a flow which is everywhere parallel to a certain plane, but which 
varies with the coordinate perpendicular to this plane. Beltrami has 
shown that plane, irrotational, incompressible flow patterns varying 
with the parameter z always combine to a flow satisfying the Beltrami 
condition v X curl v = 0, provided that dv/dz = 0 everywhere. If we 
omit this condition, we obviously have a pseudo-plane flow of the first 
kind, the vorticity of which is in the flow plane, but not necessarily in 
the same direction as v. This generalization of one of the various ideas 
suggested by Beltrami’s paper was discussed with aid of the theory of 
complex functions by Massotti (8). 


III. Flow of a Viscous Incompressible Fluid 

More extensive use has been made of inverse and semi-inverse methods 
in this field than in any other. Nevertheless I will give only little space 
to it, because three systematic surveys exist already of the “inverse,” 
“exact,” and “closed” solutions of the Navier-Stokes equations. First 
came Nother’s (9) presentation of this subject in the Handbuch der 
physikalischen und technischen Mechanik, (1930) ; then Bosenblatt’s (10) 
survey, which in its last section contains some essentially new results 
(1935) ; and finally, the recapitulation of known exact solutions in the 
introductory chapter of Berker’s memoir (11) on this subject (1936). 

The first major investigation in the field was due to Jeffery (a hydro- 
dynamicist who later became well known for his investigations in the 
dynamics of nonspherical gravel). In two papers (12,13), published in 
1915, Jeffery asked the following questions concerning steady, two- 
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dimensional flow in absence of body forces: Which are the rotational 
flows of a viscous fluid, the streamlines of which coincide with those of 
an irrotational flow? Which are the rotational flows of a viscous fluid, 
the lines of equal vorticity (isocurls) of which coincide with the stream- 
lines of an irrotational flow? If we call $ the strcamfunction of the 
plane viscous flow in question and II a harmonic function of the location, 
the two problems can be formulated in the following way: 

* = m) 

and 

W = 

(V 1 being the Laplacian). 

After the preliminary work of Jeffery, Hamel gave (14) a complete 
solution of the first problem. He showed that II must be the real part 
either of A In (z — a) or of Az (vi and a are arbitrary complex constants) ; 
that is, rotational, steady, viscous flow can take place in streamlines 
which admit also an irrotational flow only if they are logarithmic spirals, 
or their degenerate cases, including parallel straight lines. 

For his second question Jeffery found the complete answer: only 
concentric circles or parallel straight lines are admissible here as stream- 
lines. 

Before discussing more radically different problems, we list three 
direct generalizations of the Jeffco'-Hnmcl problem: 

V' = F{II) + c/7 (Osecn, 15) 
t = fl n F(II) + (?(//) (Rosenblatt, 10) 
t = F(II) + G(/7) (Bcrker, 11) 

where II and II are conjugate harmonic functions of x and 7/; n is a real 
constant. 

Another closely related question is the one discussed by Gortler and 
K. Wieghardt (15a): For which plane steady-flow fields of a viscous 
incompressible fluid, which is under the influence of a conservative force 
field, does the field of viscous forces possess a nonconstant scalar poten- 
tial? Surprisingly, the only answer to this question is the Poiseuilic flow, 
that is a straight flow with a parabolic velocity distribution. 

For the axially symmetric case, the problem corresponding to Rosen- 
blatt's problem of plane flow has been solved by Berker (after preliminary 
work by Witoszynski and Szymanski) for n = 1. The solution for 
axially symmetric flow corresponding to Jeffery’s second problem of 
plane flow has, to my knowledge, not yet been found. 

Berker’s work with steady flow includes also solutions for pseudo- 
plane and pseudo axially symmetric flows. A pseudo-plane flow of the 
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first kind is defined, as already mentioned by a velocity field 
Vx(x,y,z), v v (x,y,z), v z = 0 

while a pseudo-plane flow of the second kind is one in which all three 
velocity components are different from 0, but depend only upon x and y. 
Analogous is the definition of the two kinds of pseudo axially symmetric 
flow. Berker succeeded in generalizing certain specific plane and axially 
symmetric solutions to obtain pseudo-plane and pseudo axially symmetric 
ones. 

More important is Berker’s method for obtaining from any plane 
flow, steady or unsteady, a family of solutions involving two arbitrary 
functions a(t ) and b(t) of the time. If \}/{x ,y,t) is the given stream- 
function, the generalized streamfunction is 

4' 1 = a'y — b'x — | [( x — a ) 2 + (y - b) 2 ] 

+ '!'[(% — a ) c o s ut + (y — b ) sin at, — (x — a) sin at + (y — b) cos at, t] 

where a is an arbitrary constant. Berker shows that this method, which 
is based upon a moving coordinate system, can be extended to certain 
cases of three-dimensional motion. 

As to essentially new nonsteady solutions, one of the simplest non- 
trivial family of them was obtained by Bateman (16) on the basis of the 
following assumption 

= F(x + at)y -j- G(x -f- at) 

a being a constant. 

Interesting from the standpoint of studying the rate at which a 
viscous flow, left to its own resources, will lose its velocity is Taylor’s (17) 
assumption 

i{x,y,t) = e’ kt F(x,y) 

where v is viscosity and k an arbitrary constant. It follows immediately 
from the Navier-Stokes equation for the plane flow that F must then 
satisfy the equation of membrane vibration 

V 2 F = kF 

Obviously, in this solution the streamlines are isocurls. They are also 
path lines. 

As a generalization of this solution, as well as of his own earlier 
results for steady flow, Kampe de F6riet (18) gave the complete answer 
to the following question: Find all plane flows satisfying the Navier- 
Stokes equations for which, in absence of mass forces, the vorticity is 
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constant along each streamline. Kampd de Fdriet proved that this is 
possible only in the following cases: (1) if the vorticity is constant 
throughout the field: (2) if the streamlines are concentric circles or 
parallel straight lines; and (3) for the Taylor flows. 

Omitting the unsteady solutions given for plane flow by Osecn and 
others, and for axially S3 r mmetric flow by Berkcr, we want to mention 
investigations of viscous, nonsteady flows, which satisfy Beltrami’s 
condition v X curl v = 0. Caldonazzo was the first to study such 
flows, and Trkal (19) gave a remarkable generalization of some of 
Caldonazzo’s results. In purely formnl analogy with Taylor’s assump- 
tion, Trkal sets: 

v = A (x,y,z)c-> h '‘ 

If now curl A = kA, then obviously the Beltrami condition is satisfied 
for v. Trkal shows that in this case, 

V 2 A = k'-A 

Here again the streamlines arc path lines; that is, the streamline pattern 
is steady. In Berber's investigations, on the other hand, such flow fields 
are often sought for which the velocity field at every moment is consistent 
with a steady state of flow, and hence for which the vortex field is steady. 

A new, and possibly fruitful, viewpoint was introduced into the theory 
of viscous flow fields by Ballabh, who in a series of papers (19a, 19b) 
inquires under what conditions two viscous flow fields, superposed, 
yield again a viscous flow field. One form of the conditions found for 
homogeneous viscous fluids is that the vorticity of both given fields 
should satisfy the equation of heat conduction. 

While all these are strict solutions of the Navicr-Stokcs equations, 
Doucet has set himself an essentially different problem. lie inquires 
into the mathematical nature of the solutions of the differential equations 
of J. Boussinesq for the time averaged velocity vector v of a statistically 
steady turbulent flow of an incompressible liquid. These equations 
(which, if a, the eddy viscosity, is taken to be a constant, can at best 
have an approximate validity) are: 

curl [aV 2 v -f- curl v X V 2 v] = 0 
(and div v = 0), V 2 v being the Laplacian of v 

(V 2 v = iV% -f jV 2 iv + kV 2 a 2 ) 

In order to obtain families of solutions, Doucet decomposes v in an 
irrotational term grad 0 and a solenoidal term u, and proceeds to obtain 
solutions for the following cases: 
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1. u is a function of a scalar 4>(x,y,z) ; with special reference to the 
sub-case <j> = 0; and 

2. curl u = u. 

IV. Gas Flows 

Throughout the following discussions we shall use the expression 
“perfect gas” to denote a nonviscous compressible fluid which is subject 
to a relation between pressure p and density p of the form 


V_ 

Po 



In the last few decades the dynamics of perfect gases has made very 
great progress, and a substantial part of this is due to the inverse and 
semi-inverse methods. 

In the case of plane irrotational flow let us first recall the solution due 
to Prandtl and Meyer (1908) (20), (sometimes called "simple wave” 
solution). This family of solutions can be obtained as answer to following 
question: Given a one-parameter system of straight lines; find all gas 
flows for which the velocity vector is constant along each of these straight 
lines, but varies from one line to the other. The answer can be expressed 
purely in terms of the angle 5 formed by the straight lines with a fixed 
direction: 


v\ = cos 2 


v 2 r = sin 2 - 


where v t) v T are the components of the velocity vector in the direction 
of the straight lines and perpendicular to it, and /3 — s/ {a -f- l)/(a — 1). 
Hence we have 

(iY + (iY _ , 

For the case, when the straight lines form a pencil of concurrent lines 
(“centered simple wave”) the equation of the streamlines can be expressed 
explicitly in polar coordinates: 

s. 5 

r = r 0 cos~p - 
P 

In this case the system of streamlines is invariant with respect to a 
homothetic transformation. The complementary case to this is when 
the system of streamlines is invariant with respect to a rigid rotation 
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(axially S3 r mmetrie plane flow, also called “spiral flow ). This v>as 
first discussed by Taylor (21), then studied by Bateman (22) and a 
number of other authors, among them Courant and Friedrichs (23). 
They point out, that the solution can be obtained easily by superimposing 
in the hodograph plane the image of the purely circulatory motion and 
that of the purely radial flow. Thus they obtain the Legendre potential 
and the Legendre stream function of the Taylor-Bateman flow: 



The study of these equations shows that outside a certain circle two 
distinct velocity vectors correspond to every point ( x,y ); inside the circle 
no real solution exists, while on the circle itself the magnitude and 
direction of the velocity belonging to both branches of the solution 
coincide; its radial component equals the sonic speed. This circle, on 
which the Jacobian of the hodograph transformation vanishes, is called 
the “limiting line” of the flow. If may be interpreted nlso as the locus 
of the cusp points of the streamlines, each streamline having two branches, 
which have to be thought of as being located in two different sheets of 
the plane. In the case of the Taylor-Bateman flow, it can be shown 
that the flow along one branch is purely supersonic and is coming from 
infinity; it continues to be supersonic along part of the second branch 
and goes over without any discontinuity into subsonic flow. 

Tollmien pointed out that both the Brand tl-Meyer flow and the 
Taylor-Bateman flow is a solution of the more general problem to find 
irrotational plane gas flows for which, in a general plane orthogonal 
coordinate system, both velocity components are functions of one 
coordinate only (24). For the case in which one family of coordinate 
lines consists of straight lines the Prandtl-Meyer flow is obviously 
obtained. Tollmien proved that the only other coordinate system for 
which a solution exists is formed b 3 r logarithmic spirals and their limiting 
cases; the latter yields the Taylor-Bateman flow. For logarithmic 
spirals proper as coordinate lines, new solutions were deduced, evaluated 
and represented in diagrams. Particularly the transition from super- 
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sonic to subsonic flow, taking place without any discontinuity, and the 
field properties in the neighborhood of limiting lines were studied. 

Tollmien’s investigation is carried out entirely in the physical plane. 
Most other exact theoretical solutions have been found, however, by 
aid of the hodograph. The linearity of the differential equations of the 
Legendre potential and of the Legendre streamfunction, with the velocity 
magnitude v and the velocity direction 6 as independent variables, 
making superposition of flows in the hodograph plane possible, was 
already utilized in Chaplygin’s classic work on gas jets. On this basis 
families of new solutions were obtained by Ringleb (24a), using for each 
individual term a product of a function of v and one of 6. One of the 
single-term solutions can be represented as a “corner flow” for an angle 
of deflection of 2rr. It was known since Prandtl’s and Meyer’s work, 
that the “centered simple wave” solution is valid only for corners of a 
limited angle. The Ringleb solution is of an entirely different nature: 
it does effect a full deflection, but, because of the intervening of a limiting 
line, does not permit the streamlines to follow immediately along an 
infinitely thin semiinfinite plane barrier. The Ringleb flow comes as a 
subsonic flow from infinity, becomes supersonic, and then subsonic again, 
while the Prandtl-Meyer flow is supersonic throughout. 

The Jacobian of the hodograph transformation of the Ringleb flow 
vanishes only at the limiting line, while it vanishes everywhere for a 
Prandtl-Meyer flow. A hodograph of this latter type is called degen- 
erate. To a region of the physical plane a curve (or, in the trivial case 
of a uniform flow, a point) corresponds. In the plane the Prandtl-Meyer 
flow and the uniform flow are the only flows with a degenerate hodo- 
graph. In space a hodograph is said to be degenerate if a portion of the 
physical space is represented in the hodograph space by a portion of a 
surface or a curve. Giese (24b) in America and Temple (24c) in England 
independently had the idea of making a complete survey and geometric 
analysis of all irrotational gas flows which have a degenerate hodograph. 
Their results include, of course, all accelerationless flows, which can be 
expected to yield, as a limiting case, the accelerationless flows found for 
incompressible flow by Merlin ; whether this is the case, has not yet been 
ascertained. 

Before we leave irrotational flow problems we mention an inverse 
approach, which is very different from all other investigations because 
it does not deal, primarily, with perfect gases in the sense defined above. 
In his Princeton lecture, Lowner (24d) does not assume the p, p-relation 
P/P o = (p/po) a to be valid. Instead, he investigates all p, p-relations 
which would, by the Backlund transformation, make possible the trans- 
formation of the irrotational flow equation into the Laplace equation, 
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the simple wave equation, and the Tricomi equation respectively. 
Families of such relations defined by ordinary differential equations are 
found, out of which suitable ones to approximate the behavior of the 
perfect gas (or for that matter of almost any other compressible fluid) 
can be selected. Moreover, Lowner points out that the transformations 
in question do not form a group, and hence, by combination of two or 
more transformations, state equations can be obtained which arc not 
contained in the original family. Lowner suggests that an iteration 
process can be based hereon, which would make it possible to come ns 
close to the desired gas equation as one wishes. 

In the field of the rotational flow of a perfect gas we have first of all 
to mention a simple remark made by Poritsky (25), which is not only 
interesting in itself, but which admits also some aerodynamic applications, 
especially in the study of sweptback wings. Poritsky points out that, 
thanks to Galileo’s principle of relativity of motion with respect to any 
uniform translation of the coordinate system, it is possible to superpose 
upon any plane gas flow, rotational or irrotational, a uniform flow per- 
pendicular to its plane. A variety of spatial flows (in Berber's men- 
tioned terminology, "pseudo-plane flows of the second kind ”) is originated 
by this exceptional possibility of direct superposition of gas flows. 

In all more complex questions concerning rotational gas flows, 
theoretical investigation was hampered by the mathematical difficulties 
caused by the presence of two "state variables” (usually density and pres- 
sure, or pressure and entropy) in the equations. Munk and Prim (2G) 
and, independently, Hicks, Wasserman, and Guenther showed that for 
steady flow of a perfect gas, if instead of v the reduced velocity w = v/a 
(a - ultimate velocity magnitude) is used, the density can be eliminated 
from the general equations, and the field properties of the flow are com- 
pletely defined by the dynamic equation 

a— 1 

w • grad w + (1 — w s ) grad In p 2 ® =0 
and the continuity equation 

__i 

div [(1 — < ur)“- 1 w] = 0 

(w = magnitude of reduced velocity w). 

This “canonical” system of equations opens new possibilities for 
finding rotational flows of a perfect gas. 

For example, Nemdnyi and Prim suggested in a paper published only 
in abstract (27), that a generalization of Poritsky’s superposition principle 
may be possible in the form 


w = aw p -j- kiv, 
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where a and w z are scalar functions of x, y, and w p is a plane steady flow 
of a perfect gas. This conjecture was borne out by Prim’s investigation 
published recently (27a). By a combination of Poritsky’s simple super- 
position principle with the “ substitution principle” which is underlying 
the canonical equations, he proved that the above assumption yields a 
solution of the gas dynamic equations, provided w z has a co nstant value 
for each streamline of the w p field, and that a — \/ 1— w 2 2 . 

In an investigation, which has been outlined in a preliminary publica- 
tion along with other results (28) and recently discussed in detail, Prim 
and Nemdnyi have extended Tollmien’s above discussed inquiry to rota- 
tional gas flow, at the same time allowing also a velocity component 
parallel to the elements of cylindrical coordinate surfaces, having the 
orthogonal coordinate curves as base curves (28a). They consider how- 
ever, only isometric coordinate nets. The result is that here also the 
coordinate net must consist of a family of logarithmic spirals or their 
miting cases, if all three components of the reduced velocity field of a 
no 7 ' parallel flow of a perfect gas shall be expressible as functions of only 
jne variable. A detailed investigation of the case where the polar 
angle in an ordinary cylindrical coordinate system is taken as the inde- 
pendent variable has been made by Prim and leads to a three-parameter 
generalization of the Prandtl-Meyer comer flow. A full report on 
this investigation has been presented to the Seventh International 
Congress of Applied Mechanics. 

Another inquiry refers to properties of plane rotational flow of a 
perfect gas. Nemdnyi and Prim have investigated (29) the conditions 
under which streamlines coincide with the fines of constant velocity 
magnitude or with the fines of constant vorticity (isocurls). Here again 
admission of vorticity does not add anything to the geometric possi- 
bilities of the flow pattern. 

In a recent paper, Prim (30) discussed conditions under which the 
streamlines of a plane rotational flow of a perfect gas are isometric curves. 
Again, concentric circles and parallel straight fines are proved to be the 
only possible streamline patterns; these same streamline patterns are, 
as is well known and obvious, consistent also with irrotational gas flow. 
It seems that a whole number of geometric approaches lead to the same 
basic solutions. 

Recent investigations in the theory of gas flow show that it is fruitful 
to consider generalized Beltrami flows (w X curl w = 0) rather than 
Beltrami flows proper (v X curl v = 0) because every flow with a con- 
stant stagnation pressure is a generalized Beltrami flow. Nemenyi 
and Prim (30a) discussed such flow fields and showed that in such a flow 
the stagnation enthalpy, and hence also the ultimate velocity a is con- 
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stant along vortex lines as well as along stream lines. The angle between 
the vortex lines and the streamlines is determined by the formula 

[grad oj 

tan 0 = -j — — t- 
jcurl w| 

w 

Along with this and other general properties a number of applications to 
helicoidal flow patterns were given. 

It should be mentioned also that Gicse is extending his comprehensive 
survey of gas flows having a degenerate hodograph to rotational flows. 

In the field of nonsteady gas flow most of the investigations are 
restricted to problems which contain only one space variable. To study 
the propagation of plane waves one considers motions which in a cartesian 
system x, y, z are of the form v- — f(x,t), v v — v, = 0; similarly for 
cylindrical waves motions tv = f(r,t), v, = — 0 in a cylindrical s}’stem; 

and analogously for spherical waves. All three types of motion are 
necessarily irrolational. In all three cases a discussion in terms of the 
relation between the space variable and the time for an individual 
particle was found to be fruitful. The (x,l) plane, or the (r,f) plane 
corresponds to the x,y plane of a steady plane flow, the particle lines 
correspond to the streamlines, and the characteristics in the x, l or r, t 
plane correspond to the Mach lines of the steady flow. For the simple 
“centered” plane wave, the equation of the particle line, is obtained in 
a closed form: 

a = tC( 14- Id-*-') 

where k is a parameter which distinguishes one particle line of the same 
solution from the others, and C characterizes a solution ns a whole 
(23,30b). 

The method of linearizing the equations of gas dynamics by a Legendre 
transformation was first used by Lagrange and Poisson in connection 
with plane wave solutions. In a recent lecture von Miscs has con- 
structed new solutions for plane waves by this method, utilizing also 
the analogy between the hodograph of the steady motion and the trans- 
form of the x, l plane. 

A different approach, based upon the classic work of Iladamard 
(30c) is followed by Bcchert (30d,30e) in his studies on plane cylindrical 
and spherical waves. For plane waves the exact general solutions are 
given for the case when 

2m + 3 , ... . , 

« = 2m+~i = P 0S1 ^ 1VC integer or 0) 
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Finally, for plane waves, von Mises suggests in an unpublished paper 
the assumption 

v = a(t)z 2 + P(t)x + y(l) 

which leads to new as well as to some classic solutions of the problem. 

V. Elastostatics 

In elasticity, the use of inverse and semi-inverse methods goes back 
to the early classics of this subject. St. Venant’s theory of elastic 
rods was mentioned in the introduction and is known to every student of 
elasticity. It will not be discussed here. It should be mentioned, how- 
ever, that it was extended to orthogonally nonisotropic rods by Platrier. 

Two of the main sources of inverse solutions are the transformation 
or reformulation of the fundamental equations and the study of the 
singularities. 

As for the former, a simple idea was suggested by Lamd and Thom- 
son, who pointed out that since any vector field having sufficient differ- 
entiability can be represented as the sum of a gradient and a curl, the 
displacement field should be discussed by superposition of an irrotational 
and a solenoidal field. Thomson discussed, in particular, irrotational 
displacement fields, while Voigt studied solenoidal ones. Related to 
these studies are some of Boussinesq’s investigations (31). In recent 
years Doucet (32,33) has, from the same starting point, developed new 
methods for obtaining wide families of solutions of the equations of 
elasticity. 

A reformulation of the three-dimensional equations of elastostatics 
is due to Neuber (34). He showed that any displacement field can be 
expressed in terms of three harmonic functions, which leads to some 
explicit solution overlooked before. 

Also in two-dimensional elasticity, each of the various formulations 
bring with them characteristic exact solutions. It is sufficient to men- 
tion three approaches: the theory of Airy’s stress function; the complex 
stress function 

2 

F = -g (<r r + <x v ) + 2ia, 

where w is the curl of the displacement field, with its various consequences, 
especially the inversion method of Michell which proved so fruitful in 
obtaining exact solutions; and finally Carothers’ reformulation (35) of 
the problem in terms of a pair of conjugate harmonic functions, the stress 
components being expressed as simple and symmetrical combinations 
of the “harmonic stress functions” #, p and their first derivatives: 
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o r x = a4> + hip + c — x + d ($ + y ~j 
<r v = -o4* - bf + c\* + x y x J + d - y -ifc) 

r„= -o* + M. + «(-X^) + i(-#^) 

In any of these presentations of the two-dimensional problem an 
important family of solutions emerges as amenable to particularly simple 
treatment. This is the family of harmonic states of stresses (Foppl’s 
expression) characterized by c z -f ov = 0. Foppl (36) calls them 
harmonic because their Airy function is a harmonic function. It is 
easy to sec that their principal stress trajectories form an isometric net 
of orthogonal curves. 

Starting from the presentation mentioned earlier of the displacement- 
vector as the sum of a gradient and a curl, Thomson (1848) succeeded 
in giving the first solutions for a single concentrated load in an infinite 
solid. Related results were. later given independently by Boussincsq. 
A decisive step in the development of stress fields with singularities is 
due to Love, who pointed out that a combination of two single forces, 
placed at a small distance, and a limiting process leads, in complete 
analogy to the deduction of dipoles or doublets from poles and sources in 
electricity and hydrodjmamics, to the fields belonging to new singularities. 
Love calls them “typical nuclei of strain.” Love and Dougall introduced 
the “double force without moment,” the “double force with moment,” 
the “center of dilatation,” and the “center of rotation.” All these are 
second order singularities. Among third order singularities first- to be 
deduced was the one obtained by a limiting process from a positive and 
a negative center of dilatation placed at- a small distance; this “double 
center of dilatation” was used by Love in his research on the propagation 
of elastic waves. In clastostatics, the first third order singularity to be 
used was the one which may be called a “center of bending” (obtained 
by a limiting process from two opposite and equal concentrated double 
forces with moment). This was introduced by von Kdrmiin and Sccwald 
(37) for the purposes of a theory of the bending of beams which arc high 
compared to their span, and which therefore cannot be treated by aid of 
Navier’s elementary theory of beams. 

A number of new singularities were found on the basis of the following 
general influence principle of Ncm6nyi (38,39,40): the influence lines, 
influence surfaces (or in general the influence fields) of any influence in the 
elastic solid, can be represented by the deflection curves, deflection 
surfaces (or in general by the displacement field) of the same solid, if 
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acted upon by a singularity dually corresponding to the influence in ques- 
tion. If the influence to be studied is a strain, a stress, a stress-resultant, 
or a bending moment, then the dually corresponding singularity is 
always the limiting case of a force system in equilibrium. For example, 
to the dilatation e„ the “double force without moment” corresponds 
dually, while to the angular strain corresponds a “center of shear,” 
the new singularity obtained through limiting process from a scissor-like 

force arrangement , . In the one-dimensional theory of the bending 

1 ' 

of a thin rod, there is a correspondence between the curvature of the 
elastic line (and hence the bending moment) and the “center of bending,” 
while to the shear resultant of a cross section corresponds a new fourth 
order singularity. In the theory of bending of a plate again new third 
and fourth order singularities had to be introduced; for these, and for a 
systematic presentation of the whole subject, we refer to the papesr 
quoted, especially to (39), where also a broad generalization of Maxwell’s 
principle of reciprocal displacements is given which follows immediately 
from the following identity, valid for any function w in which the two 
sets of variables xi, x 2 • • • x n and £i, &, • • • £„ are interchangeable: 

[•Dxj.zj •• . • . • U}{X\j X 2 ?lj * ‘ ' )]xi = ai, xi = aj • • • 

£l = ai. £l = aj- • • 

= ' ’ " £l» £2 )]xi=ai. 

{1 = 01, fj = aj 

D being an arbitrary differential operator. 

The influence field principle opened the possibility for the investiga- 
tion of the stresses in elastic slabs under movable loads; the method 
was developed in detail by Pucher and by Dworzak (41, 41a, 42). 

We have seen the significance of singularities up to the fourth order in 
the theory of thin rods and plates. It is perhaps not without interest to 
remark that in the one-dimensional theory of thin rods or beams, having 
a uniform cross section, fourth order singularities are the highest mean- 
ingful ones : singularities of a higher order than the fourth do not produce 
any influence outside their point of action (39). 

The stress fields of some of the higher order singularities acting upon 
an infinite or semi-infinite elastic slice have been investigated, and the 
principal stress trajectories computed and drawn (43). For the bending 
of a plate, the curves of maximum and minimum curvature were com- 
puted which (for Poisson’s modulus m = <») represent at the same time 
the principal trajectories of the bending moment field. It was found 
that the self-orthogonal system of cardioids (which is known in plane 
hydrodynamics as the streamline and equipotential pattern of a doublet 
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in a plane, cut along the semi-infinite line perpendicular to the doublet) 
is the principal stress trajectory system of four different types of singu- 
larities, including the double force without moment and the double 
center of dilatation. The same isometric system of curves is also the 
system of principal bending moment trajectories for four different 
singularities, including the center of bending (43). These and other 
related results made it highly probable that any isometric system of plane 
curves is the sj r stem of stress trajectories of a fnmily of plane stresses 
which is wider than the family of "harmonic stresses,” and that the iso- 
metric s 3 r stems have an equally wide significance for the bending of thin 
plates. Indeed, Nem6nyi proved (1933) the following theorem (44): 
Every isometric system of curves characterized by the analytic function 
Z(z) — Z( x -J- iy) is the system of the principal stress trajectories of a 
five-parameter family of plane stresses, the principal stress magnitudes 
being given by the formulae 


ff - — Cl 
2 

C 2 -f- Cl 
2 


(ax 2 + ay 2 -f bx -f cy -f d) 


dZ 


dz 


±R {J (2az + b + ic) dz 


where a, b, c, d are arbitrary real constants and R denotes the real part 
of the complex integral. On the basis of the well-known analogy between 
plate bending moments (for m = «) and the plane stress system (for any 
to), one can easily show that the expressions on the right represent also 


the quantities 



and 


TO i + TO; 
2 


of a system of bending moments 


in any portion of a plate free of loads for to = m i and to- being the 
principal bending moments. 

Some interesting examples of plane stress systems characterized by 
isometric trajectories were given by Neuber (45). For bending of slabs, 
the only examples of isometric principal moment trajectories published 
so far are those for a center of slab bending, and for a center of slab 
twisting applied to an infinite slab (43). 

We now give a different example. We discuss the isometric net 
formed by logarithmic spirals, which is characterized by the complex 
function Z = e ia In z, both as principal stress and as principal bending 
moment trajectories, in order to show that, while in the formulas for the 
infinite plane the analogy between the plane stress system and the bending 
of a slab is perfect, the difference in the boundary conditions, when a 
finite part of the plane is considered, destroys much of the analogy. The 
solution for the infinite plane is 
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CTo — O' l _ mi — M; _ , ^ 

2 ~ 2 ' r 

<?i + v 2 mi + wj 


cos 0 . sin 0 , d 

+ c f- — > 

r r~ 


2 2 

r b c. 

= + 2a(cos 2a In r — 0 sin 2a) eos(0 — 2a) — - sin(0 — 2a) + e 


Let us now cut out a concentric ring shaped region of the plane, with 
the limiting radii r x and r 2 . Assu mi ng a = 0, b = c = 0 we obtain 


a 2 — cti mi — m 2 

2 2 

ci + c 2 _ mi + m 2 
~~2 2 


o + 


d 

r 2 


± 2a In r + e 


and it is obvious that by a proper choice of the three constants, we can 
make (either for the -f- or for the — sign) both boundaries of the ring 
free from loads. Thus we obtain one plane Volterra dislocation, cor- 
responding to a translation of the two sides of a radial cut relative to each 
other and perpendicular to the radial direction (a generalization of this 
is included in Neuber’s work), and one Volterra bending dislocation 
corresponding to a turning of the two sides of the cut relative to each 
other around the radius. The correspondence between plane stress and 
bending is here a complete one. 

Now, however, let us assume a = 7r/4, a = b — c = e~ 0. Then 
we obtain m r = 0, m t = 0, m Tt = d/r 2 . As was noticed by Kelvin and 
Tait, and by Kirchhoff, a shearing moment m r( , if it has a constant mag- 
nitude along a boundary without any sharp comer, does not cause any 
deformation in a thin plate except infinitely near to this boundary. 
Thus, for any radius whatever, we have boundaries free from load, and 
hence a pure Volterra dislocation. The plate takes, as we can easily 
prove, the shape of an ordinary helicoidal surface; the two sides of the 
radial cut have a purely translatory vertical dislocation relative to each 
other. 

On the other hand, for the plane problem T ri = d/r 2 , a harmonic 
state of stress implies the application, along any circular boundary, 
of a tangential force dfr 2 per unit length. Hence we have no Volterra 
dislocation here at all, but a state of stress corresponding to a definite 
boundary load system. It seems likely that the stress trajectories of 
the plane Volterra dislocation corresponding to a relative dislocation 
in the radial direction of the two sides of a cut are not isometric at all; 
they are certainly not logarithmic spirals. A somewhat more complete 
discussion of the family of solutions defined by z = In z will be given 
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elsewhere. Also, a new method for computing the relative deflection of 
any two points of a slab as a line integral of the bending moment field 
of the slab (representing a generalization of Mohr’s method of computing 
beam deflection) will be discussed, since it is useful in the analysis of 
dislocations. 

Of other inverse investigations, Suray’s proof (46) that straight lines 
can represent one set of the principal stress trajectories of a plane stress 
S3 r stem only if they are concentric or parallel, and Gauster’s proof (47) 
that the magnitude of one of the principal stresses can be constant along 
a set of principal stress trajectories (in the absence of body forces) only if 
they are concentric circles or parallel straight lines, may be mentioned. 

VI. Plasticitv 

The existing, and particularly the potential applications of inverse 
and semi-inverse methods in the various theories of plastic flow are 
numerous. Only a few of them can be mentioned here. Ilcncky and 
Prandtl were the first to call attention to the fact that in the St. Vcnant- 
von Mises theory of plasticity certain cases exist for which the equations 
of equilibrium together with the yield condition give the same number of 
equations as that of unknown stress components (4S). Such problems 
are staticallj’- determinate, but only if the boundary conditions are 
appropriate. This entire theory, which proved particularly fruitful in 
the case of plane stress and in the case of torsion, can be considered an 
example of the semi-inverse approach. 

We will consider only the plane statically determinate problems and 
discuss certain specific inverse approaches paralleling those, which were 
discussed above for the plane clastic system. 

Using the same symbols as were used there, the Lam<5 equations of 
equilibrium of a two-dimensional continuum can be written 

T _ 1 d{a + r) 

Pi 2 ds 2 

_r _ 1 3(cr — r) 
p; 2 ds j 

As to the yield conditions, it is easy to see that for the case of a plane 
strain system both the “theory of maximum shear” (Coulomb) and the 
theory of von Mises gives the condition r = constant = K. Hence, 
whichever of these hypotheses we adopt, the Lam6 equations obtain 
for the case of plane strain the simple form 

da _ 2k da _ 2k 

ds 2 pi ds i po 
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Let us ask now, under what condition such a net of trajectories is 
isometric. 

Isometry of a net makes it possible to identify it with the net of 
strea mlin es and equipotential lines of a plane irrotational flow field 
having a complex flow potential Z = $ + #. If the velocity magnitude 
of this flow field is denoted by v, obviously 

3 In v _ _ 3 In v _ 

3s 2 pi dsi pi 

Hence pi and pi can be eliminated from the equations of equilibrium 
and we have 

„ 3 In v _ 1 do- 
K dsi ~ 2 3 s 2 
„ 3 In v _ 1 da 

K 3Si 2 3 s2 

and hence 

In v = g(s 2 ) - /(si) = Gty) - F{4>) 

From the fact that this In v is harmonic function of 4> and it follows 
immediately that it must have the form o(<£ 2 — 4> 2 ) plus a linear function 

of $ and Tp. Hence we can see that the equation z ~ J e aZ ’ +(M ' ic:)Z+w+i/) dZ 

defines the only isometric nets which satisfy the conditions of plane plastic 
strain. As we know from Boussinesq’s work that the main trajectories 
of plane plastic strain form under suitable parametrization, an iso-areal 
net, we see that the only iso-areal net which, at the same time, is isometric 
is given by the above deduced mapping function. Essentially the same 
result was obtained by Carath6odory and Schmidt by a different deduc- 
tion, which started from the lines of maximum shear stress (an ortho- 
gonal net of curves which intersect the principal stress trajectories at 
45° angles). 

From the same equations of equilibrium we also can see immediately 
that one of the principal stresses can have a constant magnitude along 
each trajectory belonging to one set only if they are concentric circles 
or parallel straight lines. 

From the study of the lines of maximum sheer stress von Mises 
deduced the following exact solution of the plane plastic strain problem 



where the fc, are real, and the c arbitrary real or imaginary constants; 
a, 3 are the parameters of the two maximum shear line systems. He showed 
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a graphic method for the superposition of terms of this type. In this 
inverted form the problem is a linear one. 

In the case of plane stress the hypothesis of Coulomb still lends to the 
yield condition r = K but the hypothesis of von Mises gives the nonlinear 
yield condition 

r = — \/K 2 - er ! 

\/3 

The general theory, and many exact solutions, have been worked out 
quite recently by Geiringer, and presented to the second Plasticity 
Symposium of Brown University. 

In his lecture at the first Plasticity Symposium at Brown University 
in 1948, von Mises pointed out that the mentioned yield condition can be 
approximated adequately by a much simpler one of the form 

T = ± aV + d? = ± ( 0<r + £) ( ,w - z) 

Some implications and applications of this yield condition have also been 
pointed out by Geiringer in her mentioned lecture. 

We will give a different application of this yield equation: We will 
find the isometric principal trajectory systems consistent with it, thus 
giving a parallel solution to that of Caratlniodor}' and Schmidt. 3 

Replacing the curvatures in the Lam6 equations by the appropriate 
expressions involving the velocity magnitude v we have 

d In v 13 3 In v 13 . . 

3$2 2 3si a ‘ ' cr.Sj 2 3s i ‘ a 

Introducing the simplified yield condition into this system of equations 
the latter can be brought into the simple form: 

3 In v = 9 In ( g ~ 2rp) 

3s 2 3s2 

a i 3 In ( a -f- } 

3 In t> _ \ 2a- ) 

3sj 3si 

Hence 

In a = In (a — + In F t (4>) = In + In G, (f) 

5 The new solution given here is due to joint work of Andrew Vnn Tuyl nnd the 
author. 
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and therefore 

v . 1 _ v 1 

F\($) + 2 a 2 ~ (TO) 2 a 2 

v [f^)~gm\ = ”^ 2 

Hence 

In v = — In {a 2 [(?(^) + F(<£)]} 

We have to find therefore a harmonic function of 4> and if/, which has 
the form 

In TO) + FW] 

F and G have to satisfy then the ordinary differential condition 
FF" - F ' 2 + GG" - G' 2 + GF" + FG" = 0 
It follows that 

Gtt)F"(4>) + F(4>)G"tt) = M(4>) + TO) 

In order to find the most general functions F and G which satisfy this 
relation we differentiate first with respect to (f> than to i p and obtain 

TO)F'"OTOTO)GTO) = o 

There are two distinct ways to satisfy this equation trivially. Either 
we can put quadratic functions both for G and F, in which case the 
original differential condition restricts them to G = + fi) 2 , F — 

( <j> + a) 2 . This leads to the complex function 

Z = C(z + A)* + B (A, B and C arbitrary complex numbers) 

Alternatively, we can choose either of the two functions F and G iden- 
tically 0; by virtue of the original differential equation we obtain then 
F = Ce^ (C and c real numbers). This leads to concentric circles and 
radial straight lines as principal stress trajectories. 

Finally, if neither of the two terms vanishes we have the simultaneous 
differential equations 

F'" G'" 

F' G' ~ C 

From this we obtain 


hence 


F(<f>) + G(\f/) = cosh ( c<f> -j- B i) + cos {cip + B 2 ) 
f -cosh -( * + *+«. ) 
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and we obtain the family of stress trajectories defined by the mapping 
function 

A -f Z + - sinh ( cZ + B) = z 
c 

{A, B complex, c real constant). 

A comparison of the new solution with that of Carath6odory and 
Schmidt shows that the change of the yield condition changes the solution 
completely: only the trivial case of concentric circles and radial straight 
lines is common to both solutions. 

For other recent inverse solutions for various models of plastic mate- 
rials we refer to the books of Prager, Sokolovsky, and Van Iterson 
(48a, 48b, 48c). 

VII. Significance and Heuristic Value of the Inverse and Semi- 
Inverse Methods of Mechanics 

1. Inverse and semi-inverse methods lead to solutions of important 
boundary value problems. We have seen many examples of this. Often 
out of the family of semi-inverse solutions, the solution for important 
boundary value problems can be directly chosen, ns was done, for example, 
by Neuber in the ense of the elastic, plane, ring-shaped region with non- 
concentric boundaries. In other cases, synthesis of the basic solutions 
leads to approximate solutions of important boundnry value problems. 
In hydrodynamics, the classic example of this is, of course, Rankine’s 
source sink method, for irrotational nonviscous flow from which the 
modern singularity methods of hydrodynamics have followed. These 
resulted in a reduction of flow problems to integral equation and to 
graphic methods for the solution of the latter. 

In theory of elasticity the synthesis of solutions belonging to the 
singularities has not yet been developed to a similar degree of versatility. 
Although Betti had already discussed the possibility of a synthesis (31) 
its application to the solution of difficult boundary value problems was 
first attempted by Miche (49). His work was followed up by Weinel 
and others. 

We have seen, in connection with Lowner’s work, that in certain cases 
an iterative process can lead from an inverse solution to an arbitrarily 
close approximation to an exact solution of a definite problem. 

2. Inverse and semi-inverse methods may lead to the discovery of 
unsuspected discontinuities, limitations, or general field properties of 
the solution of certain differential equations. In these purely heuristic 
and suggestive possibilities lay probably the greatest value of special 
solutions. 
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A major example of this is Tollmien’s study of the limiting lines of 
plane irrotational gas flow in the case of flow fields expressible in terms 
of one curvilinear coordinate. Four years later he succeeded in giving 
a general theory of the limiting lines which are interesting from the 
physical as well as from the geometric standpoint (50). 

While each new formulation of the general equations of a problem 
brings with it a number of basic, often new, solutions, it may also happen 
that inverse solutions suggest a reformulation of the general theory. 
Thus, for example, Wegner has generalized Nem6nyi’s theorem on 
isometric principal stress trajectories which was discussed above. Weg- 
ner showed that any plane elastic stress field, in the absence of body 
forces, can be obtained through superposition of two suitably chosen 
stress fields, both having isometric trajectory patterns. One of them 
may be chosen as a harmonic state of stress. 

The theorem on isometric trajectory patterns may have also moti- 
vated Prager’s (51) formal analogy of the formulation of the plane stress 
problem in terms of the conjugate stress deviation to the formulation of 
the problem of irrotational incompressible flow in terms of the conjugate 
velocity function. 

3. Inverse investigations may settle existence questions in a positive 
sense, or may decide a uniqueness problem in a negative sense. Also 
they suggest new uniqueness questions, and conjectures for their answers. 
For example, we may ask whether, similar to the special case of isometric 
stress trajectory patterns, any given plane orthogonal stress trajectory 
pattern of an elastic plate is consistent with a five-parameter family of 
stress distributions. 

A distinct advantage of inverse solutions, if they are expressed in 
terms of familiar functions, is that they make possible limiting processes. 
The difficult, and so far unsolved question of the extent to which a 
nonviscous incompressible flow can be considered a limiting case of the 
flow of a perfect gas may be approached with the aid of inverse solutions. 
Many other simplifications or idealizations may be examined in the light 
of specific solutions obtained by the inverse method. 

Of course a positive result of an examination of a hypothesis in light 
of a specific example is never decisive. A negative result may be much 
more important. For example, the fact that the "Chaplygin gas” 
(« = —1) behaves, as Prim’s investigation has proved, in the case of its 
rotational flow past a corner, fundamentally different from any familiar 
gas (1 < a < If) is a decisive reason to doubt the physical validity of 
any investigations based on that assumption. 

4. Semi-inverse methods are essential for the comparative study of 
the differential equations of the various problems of mechanics. 
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By putting the same geometric or kinematic restrictions upon the 
solution of various differential equations and comparing the results, new 
insight into their common properties and their distinguishing features 
can be gained. The analysis of the results of such a comparison involves, 
as Garrett Birkhoff points out, group theoretical methods. 

The answers for the steady flows of three different idealized fluids 
to five interrelated kinematic-geometric questions are given in the table 
attached to this paper. Answers to two analogous questions of two- 
dimensional elasticity and plasticity have been added to the table. All 
these results have been proved only for the case of the absence of an 
external body force field. 
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The aim of this paper is to present the development and the current 
state in the Soviet Union of the theory of filtration of liquids, mainly of 
the part of it which deals with exact solutions. We will not touch upon 
the theory of filtration of gases and mixtures of gas and liquid, where 
almost no exact solutions are known. 


I. Fundamental Equations of Steady Motion 

1. Darcy's Law 

Owing to Darcy’s experiments, consisting in forcing water through 
sand in a straight tube, and to contemporary experiments, using a model 
of a petroleum layer with voids, one can regard as established that in fine- 
grained soils and for the usual velocities, the following Darcy’s law holds: 
The steady flow of liquids in a porous medium is sufficiently well described 
by the equations 

v = grad <p = - k grad H, H = p/(pg ) + y (1.1) 

where v is the vector of filtration velocity, k the filtration coefficient, H 
the pressure function, p the pressure, p the density, g the gravitational 
acceleration, and y the vertical coordinate (positive upward). 

The filtration velocity is the volume discharge per unit time and unit 
area, so that, for instance, for one-dimensional motion 


v* 


mdx 

dt 


( 1 . 2 ) 


where dx/ dt is the velocity of a liquid particle and m the porosity of the 
ground, i.e., the ratio of the voids area to the total area occupied by the 
voids and the ground. 

The continuity equation for an incompressible fluid has the usual form 


div v 


dv x , toy , dVt 
dx dy dz 


(1.3) 
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where v Z) v u , v c are the projections of the filtration velocity on the coordi- 
nate axes. 

The velocity potential 



satisfies Laplace’s equation on account of equation (1.3)., 

For plane motion there exists a complex potential 

/ = <p + t'yfr, ^ = v. - iv v (1.5) 

In Russia the first work on water motion in sands was done by 
Zhukovsky (18S9) who chiefly studied the problem of the flow of liquid 
into oil wells. 


2. The Problem of Soil-Water Motion Which Docs Not Obey Darcy's Law 

The problem is analyzed in KhristianovicU’s (G5) paper. With the 
help of the notion of the hydraulic gradient .7 = — dll/ds, one can 
express the filtration law in the form 

J ~ ( V ‘ = l' x " -f- V v " -f t’c') 

For Darcy’s law J — v^/k. In some cases experimental data lead to 
relations of the form 


J = t> T / k, J = av + bv i -f- ct>*, etc. (l.G) 


Khristianovich considers equations of the form (t> is the vector of 
filtration velocity) 


J = —grad // 



(1.7) 


For plane motion, eliminating 7/ from these equations, and adjoining 
the continuity equation of the incompressible fluid, we get the system 


d{v x /K) _ d(v u /K) _ q , dv x du v _ 
dy dx ’ dx "* dy 


Introducing the velocity vector v and its angle 0 with the x axis, 
instead of v x , v Vl and taking H and $ as the independent variables, the 
flow function ip will satisfy the equations 


dip 

dx 


v v — —v sin 0, 


dip 

— =z v x - V COS 0 

dy 



156 


P. YA. POLTJBARINOVA-KOCHINA AND S. B. FALKOVICH 


and we get 

86 4>(v) dv _ „ dd v<f>'(v ) dv 

V* 8H~ U ’ 3 H + 4>(v) df 


(1-9) 


Further, the author reduces this system to a system of four equations, 
in which the functions v, 6, and H are expressed in terms of the auxiliary 
independent variables y and v : 


3* , 

dv 


4>(y) 


v 


v4>'(v) 8H _ 
<p(v) dp 


' 

% 


<j>'(y) 8v _ 30 _ o 
v<j>(y) dv d\i 


dip 

dti 


V 

4>{v) 


V a(: 


4 


(a) 3# 
3(a) 3 j> 

<£'00 3a 33 = 

v<p(v) dy dv 


= 0 


( 1 . 10 ) 


Finally, a fictitious filtration velocity is introduced 

° = (LU) 


and then the system (1.10) is replaced b 3 r 


9H 

dii 


Here ti + 
Darcy’s law v 


3 log v 



3 log v 

+ L®-o 



dv 

dy ’ 


dy 

^ dv 



d\J/ 

~ L Tv 

ii 

L 



*(«0\ 

v<p(v)J 

(1.12) 

— f(x -f iy), where 

f is an analytic 

function. 

For 

v, L = 

1 /k. IfJ 

= 

Vt/k, 






L = 


Vt 


V7- 


One can interpret L as a quantity inverse of a certain fictitious filtra- 
tion coefficient L = kuT 1 . 

If the solution of the system (1.12) is found, one can find x,y from 
the equations 

f cos 6 JXJ sin 9 , f sin 6 JTT cos 0,. 

x = - J m dH+ ~ d *’ v ~~)W) m — 

Khristianovich proposes to solve the system (1.12) in the following 
manner. Assume in the plane yv a region analogous to the region given 
in the plane xy or simply coinciding with it, and solve the first two equa- 
tions (1.12); then substitute the value of v thus obtained into L, getting 
thus L(ji,v), and solve the second equations (1.12). Thereby the condi- 
tions on the rigid walls and on the boundaries of the wells and the soil 
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will be the same as in the case of Darcy's law (sec section II); on the free 
surface and on the seepage interval they will bo, however, different (cf. 
sections III and IV). 

The paper by Khristianovich (65) offers a method for an approximate 
solution of the problem. A special section is devoted to the application 
of the electric analogy method to the study of a motion which does not 
obe 3 r Darcy’s law. 

II. Motion of Soil Waters without a Free Surface 

The s 3 r stematic development of the filtration theor 3 ’ in the U.S.S.R. 
began in 1922 with Pavlovsky’s paper (113). In all rigor (includ- 
ing the uniqueness theorem), it studies the problem of plane motion of 
soil waters under dams, under the action of the difference of the heads 
7/i and IIz in the upper and lower water, the region of motion being 
composed of rectilinear segments. 

The boundaries of the filtration region can be of two types. 

1. Impermeable Walls 

The lower base of the dam; cut oils • • • l P , (Fig. 1), i.c., sections 
of rows of piles driven into the soil; the boundary between a permeable 



and impermeable rock. These boundaries arc streamlines, so that along 
them 

ip = constant or d<p/dti = 0 (2.1) 

2. Boundaries of a Water Reservoir 

Along boundaries of a water reservoir the pressure is determined by 
the hydrostatic law, e.g., along the segment ( — oo ,0) of the x axis (Fig. 1) : 

P — Po + gp(II i — y) = po + gplli 


( 2 . 2 ) 
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By virtue of equation (1.4) along such a border 

<p — ~ K (^~ + H^j = constant (2.3) 

Thus, we have here a mixed problem of potential theory (a special 
case of Hilbert’s problem) : to find a harmonic function <p for a polygonal 
region, for which on some segments of the border region <p = constant, 
and on others dip/dn = 0. 

If the regions z and / are conformally mapped on the half plane of the 
auxiliary complex variable f, /(f) and z(f) can be found with the aid of 
the Christoffel-Schwarz formula. 

If all the angles of the regions z and / are right angles or multiples of a 
right angle, elliptic or hyperelliptic integrals are obtained. Pavlovsky 
reviews in detail the results of the theory of elliptic functions which he 
needs for the solution of particular cases. His book achieved fame; a 
great many of his devices have been applied to the solution of numerous 
flow problems in hydrotechnical installations. 

The soil water frequently moves in an anisotropic stratified soil, in 
which there exist two principal directions (parallel to the axes of filtra- 
tion, Xi, yi) along which the filtration coefficients are constants ki and K 2 . 
Then the projections u, v of the filtration velocity upon the axis xi, yi are 
described in the equations 

dtp d<p | p i*i 

u = k i-r— > v — k 2 — > <p = — l — + xi sin a + y x cos 

ox i dy i \pg 

a being the angle of the Xi axis with the horizontal axis. Both the 
stream function \ p, determined by the equations 


u = 




and the velocity potential satisfy the equation 


d S' , 

Kl -r— , + «2 


d Xl 2 " r * 2 d Vl 2 


= o 


The change of variables Xi = x, y x = \/k~ 2 y leads to Laplace’s equa- 
tions for ip and \p. 

In the coordinate system x x , y x we have a certain fictitious motion in 
a region obtained from the region x, y by an affine transformation [see 
Polubarinova-Kochina (131), Kozlov (70), Aravin (3)]. 

The following problem of the oblique cutoff is particularly interesting 
not only in the study of the flow around a vertical cutoff in an anisotropic 
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soil, but also in the problems of filtration around structures [Verigin 

(186)]. 


S. Problem of the Flow around an Oblique Cutoff (185) 

The flow potential <p is determined within a constant term, which we 
can choose so that along AB in Fig. 2 <p — *s kII , then along OF of 
Fig. 2 <p = { kII , H being the effective head, 11 = II i — //». 

We get from the Christoffcl-Schwartz formula 


n (X - a)d £ 

0 (r+D'-^r-i)"’ 


/ = B /* f — - == = — arc sin f (2.4) 

Jo Vi -r : v 


Since the boundaries of the region ABODE are straight lines passing 
through a common point, the integral for 2 must have a finite representa- 


A. 




B 



=: 


*H 

2 

A 


o r 

© &'////, b ■'//// ///!/, e. //■ 


-i 


11 

o 


C 0 


i 


1 

i 


jtH 

2 


Fig. 2 


tion. It is simpler to calculate it by using an appropriate substitution. 
For example, let 

z = c(f + mu - iff (2.5) 

and determine /3 and y from the conditions: 

arg 2 = 0 along DE 

arg z = — 7 r 4 - -a along DCB 
arg z — — 7 T along AB 

Thus it follows that C is real; since for — 1 < $ < 1 we have 

2 = C(t + 1)*(1 - iffc-^y 

hence 

y — 1 — a 

since we have 

z - C( — f — 1)^(1 - 0 Tc ~ riw ' l7) for — « < f < — 1 , 

we get /3 + 7 = 1 , or (3 — a. 

Consequently, 


z = C(f + l)»(f - l) 1-a 


(2.G) 
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For f = a, at the end of the cutoff, the velocity must become infinite, 
i.e., dz/dt = 0. This results in the equation a = 2a - 1. The condi- 
tion that z 0 = where l is the length of the cutoff, determines C. 


Finally, 


t(r + i)nr - i) 1 -* t 

2a“(l - a) I ~ a ’ 5 



(2.7) 


[It is possible to determine the value of the first integral in the equa- 
tion (2.4) in the form (2.5), to differentiate it, and then comparing it with 
(2.4), to determine /3, y, and a.] 



For the equation of a vertical cutoff, at a = |, we get 


z = 


7 m 

- Ll COS 

kH 


or 


x 


, • Tt<p . , mp 

= l sin -== smh — 


kH 


kH 


The streamlines ip = constant are ellipses, and the lines <p = constant 
are hyperbolas. 

Without reproducing the formulas for a cutoff in a permeable layer of 
finite depth, we include a graph (Fig. 3) showing the relationship between 
discharge and the rate of discharge, as well as the ratio of the depth of 
the permeable layer to the length of the cutoff. 



THEORY OF FILTRATION OF LIQUIDS IN TOROUS MEDIA 


161 


4. Filtration under the Apron 

If the depth of the permeable base is h (Fig. 4), then the conformal 
mapping of the strip of the plane z and of the rectangle of the plane / 


- h 2 

C; t.‘; D 


AX. v. B j C; t.';f D 


W0P 


v///////////////////////////////, 

E A B 

! J 1 

-v« © 0 

Fig. 4 


A -q|e D 
C D E 


upon the lower half-plane C gives us (2 1 is the width of the apron) 

f _ _ k // ^ 

f 2 K J 0 V(1 - r J )(l - kT-) 2K k ’ 

/( , 1 — kt; h , 1 — k (an) u 

Z "r 0E l+ H ~ ir ° g 1 -{- k (sn) u 


2Kf 

u = 7h’ 


-r: 


k = tanh 


Jo V (1 - t ! )(l ~ &V) 

The total discharge in the flow around the apron is 

Q = ~ — (A" = /C(fc'), A' = Vl” 2 ) 

Values of (?' = Q/kII ns a function of t/h 


l/h 

0.4 

1 

1.122 

2 

3 

4 

5 

0 

Q' 

0.811 

0.533 

0.500 

0.300 

0.258 

0.201 

0.170 

0.146 

l/h 

7 

7.5 

8 

10 

12 

14 

15 

10 

Q’ 

0.12G 

0.119 

0.113 

0.0919 

0.0770 

0.0072 

0.0030 

0.0592 

l/h 

20 

25 

30 

40 

50 




Q' 

0.0479 

0 .0380 

0.0354 

0.0245 

0.0197 





If h — > « 5 , Q -4 co , and k — > 0, one can take the region of motion in the 

plane z, instead of the lower half-plane t, and map upon it the half-st rip 

of the plane /. 

We get then 

, kH . z , . 2/C/ 

J = 2K arc sm 7 or z = l sin (2.9) 
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There the flow lines are ellipses, and the lines <p = constant are eonfocal 
hyperbolas. 

Meleshchenko (83) considered the apron at an oblique impermeable 
lower boundary; Bazanov, the flow around a similar broken one (filtra- 
tion under jumps) ; Girinsky (40) solved the simplest problems for the 
case of a constant head on the soil bottom. 

For an apron with cutoffs, the solution becomes more complicated, 
because the presence of each cutoff increases the number of angles of the 
flow region by three, and, consequently, introduces three parameters, 
i.e., the complex numbers correspond to the new apexes in the f — plane. 
The calculation of these parameters is very difficult. Sometimes a series 
of calculations is made, assuming values of the parameters and deter- 
mining from them the lengths of the segments bounding the flow region. 
Kozlov (68,69,71,72) considered systems with many cutoffs. More 
complicated systems have been studied by Segal (151,153). He applied 
the following approximate method of conformal mapping. First he 
omitted from the flow region one or several segments and mapped the 
remaining simpler polygon onto an auxiliary semi-plane. Thereby the 
omitted segments were mapped into certain curvilinear contours. If 
those contours were nearby rectilinear, they were replaced by rectilinear 
segments, and a further mapping was made onto the final semiplane. 

Pavlovsky (115) proposed an approximation method of fragments con- 
sisting of the following. At small depths of the permeable layer the flow 
region is divided into sections by straight lines which are continuations 
of the cutoffs, and these verticals are taken to be lines of constant poten- 
tial (see end of section X). In a paper by Zamarin (189), and in his 
paper written jointly with Shipenko (190), there are given nomograms 
for such calculations. Other approximate methods, especially one based 
on the application of finite differences, are presented in Meleshchenko’s 
paper (85) ; the calculation methods for an infinitely deep layer are dis- 
cussed by Kozlov (73) and Meleshchenko. 

We note that in the foreign literature there exists no such systematic 
discussion of solutions for filtration problems under hydrotechnic struc- 
tures. Particular problems have been solved by single authors. Ross- 
bach (150) investigated systems with many cutoffs using the following 
approximate method: he repeatedly applied the Koebe transformation 
to an intermediate region representing the map of the given region with- 
out the cutoff upon a half-plane. The Koebe transformation, as a pro- 
cedure of an approximate conformal mapping of a region upon a circle, 
gives a very slow convergent process. 

Pavlovsky’s paper attracted the attention of N. E. Zhukovsky, who, 
in the nineteen twenties, returned to the filtration theory. A paper 
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published by him in 1923 is partly devoted to the solution of the same 
problems as that of Pavlovsky but by a different method, namely that of 
generating and directing nets, which he developed earlier in connection 
with the theory of jets. The essence of his method consists in the con- 
struction of functions from their singularities, the geometric illustration 
playing a secondary role. 

III. Motions with a Free Surface — Zhukovsky’s Function 

The second part of Zhukovsky’s paper (195) is devoted to the motion 
of soil water with formation of a free surface (depression or desiccation 
surface). Since the pressure on this surface must be constant and equal 
to the atmospheric pressure, on the free surface, according to equation 
(1.4), there must be satisfied the condition 

<p + kjj — constant (3.1) 

Furthermore, the line of the free surface (a plane problem is considered 
here) is a streamline, and hence along it 

\p = constant (3.2) 

Zhukovsky introduced the function 

0 — Oi -f- ft?; = / — 1KZ = <p -f* K]J -j - 1 — kx ) (3.3) 

The conditions (3.1) and (3.2) can also be written in the form 
Im / = constant, Re 0 — constant 

If the impermeable walls are vertical segments and the boundaries of 
the water store horizontal ones, then along them we have respectively: 
Im 0 = constant, Im / - constant, and Re 0 — constant, Re / = con- 
stant. This permits us to solve a scries of filtration problems with free 
surface by the foregoing methods. 

1. Zhukovsky' s Problem — the Flow around Cutoffs {Fig. 5 ) 

Let d be the length of the cutoff BC and d i the length of the segment 
BD. In the plane / we get an angle, in the plane 0 a half-strip which are 
mapped onto the lower semi-plane £, respectively, by means of the 
relations 

f _ K (di + //) /£ j — 7 TT n kH 

J — vT + 1 — kH, 0 arc cos £ 

V2 TT 
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Hence we get the relations between/, 0, and z : 


= — K 


H + (di + H ) cos 


-if 2 iH / + kH 

z — — — — &rc cos /• i i tj\ 

K T K(d i + //) 


. '0 

= i - 
_ K 


+ H — (di + H) cos ; 


At the end-point C of the cutoff the velocity must be infinite, which 
permits us to find f c (or tc = a), and consequently, the length of the 
cutoff, as 

Trjr2 o zj off 

d= -H + ^J(d, + H)‘-^r + v i(3T+iT) (3 ' 5) 



Fig. 5 


Along the free surface, there obtains 6 1 = constant = 0, and we get 
the equation of the free surface, 

y — H — (cU + H)ch^ (3.6) 

Vedernikov (172), who treated this problem, taking into account also 
the capillarity, gives the relation between d/H and di/H by means of the 
following tabulation: 


fcrjla. 

II 

0 

0.074 

0.213 

0.64 

1.10 

2.066 

di 

H ~ 

-0.363 

-0.2 

0 

0.5 

1 

2 

h d — d\ 

H ~ H 

0.363 

0.274 

0.213 

0.14 

0.10 

0.066 


The negative values of di/H indicate that the water at the point D 
rises higher than at the point B. 

Zhukovsky, having solved the problem by the method of generating 
and directing nets, made an error, which has been noted by many authors, 
in the interpretation of the solution. He assumed that the points 



165 


THEORY OF FILTRATION OF LIQUIDS IN POROUS MEDIA 

C and D coincide and that the velocity at the end of the cutoff is equal 
to zero. 

The second problem of Zhukovsky, concerning the inflow to a drain 
gap, results from the previous one by a rotation of the r-plane through 90° 
and an interchange of <p and (We shall return to this problem in 
section V.) 

Nelson-Skornyakov (99) generalized the Zhukovsky problem on the 
flow around a cutoff by placing in the lower part of the flow a vertical 
segment which extends downwards into infinity. Then there exist 
among the streamlines parabolic-shaped curves extending downward 
toward infinity, each of which can be taken as an impermeable boundary. 
An analogous method, the artificial introduction of a semi-infinite cutoff, 
is applied b 3 r the author to another model (sec section IX). 

Aravin (4) solved the problem of the inflow of water from infinity, 
with formation of free surface, to a reservoir enclosed by two cutoffs of 
equal length. The flow net is shown for a special case (width of channel 
30 m, depth of cutoffs 4.34 m, interval of seepage 3 m). 

IV. Motion with a Free Surface. Velocity Hodograpii 

Differentiating the equation <p ~f kij = constant with respect to the 
arc s of the free surface, and multiplying each term by d<p/ds, we get 

(if) +K ^Ts = 0 ° r v * + ‘V + = 0 (4.1) 

In the plane v s , v v this is the equation of a circle. Along the rigid 
walls the velocity vector is parallel to these walls, and, consequently, the 
tip of this vector will describe in the plane v-, v v a straight line which 
passes through the origin and is parallel to the wall. Along a rectilinear 
water boundary the velocity vector is perpendicular to the boundary, 
therefore the velocity hodograph is a straight line through the origin and 
perpendicular to the boundary of the water system. 

If the hodograph consists only of straight lines and a circumference 
all of which pass through the origin of the coordinates, the transformation 
by inverse radii with the center at the origin changes the contour into a 
polygon bounded by straight lines, and consequently, it is possible again 
to apply the Christoffel-Schwarz formula. The first to apply this method 
was Vedernikov (165). He investigated the filtration of water from 
channels at triangular and trapozoidal cross sections, and also a series of 
other flows with a free surface (see section VI). Also to Vedernikov goes 
the credit for numerous investigations of the influence of the capillary 
rise upon the filtration of liquids. The influence of capillarity is taken 
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into account by assuming that the pressure on the free surface is equal to 
the atmospheric pressure changed in accordance with the capillary rise 
hk [see for example Zhukovsky (197)] 

<p + m = -k \— n - hk 
w 

or, at p 0 = 0 

cp ay = Khk (4.2) 

In the case of anisotropic soil, we get at the free surface the equation 

<p + -\/k\ x sin a + y/ k.% y cos a = constant 

in the a^-plane, to the free surface there corresponds the circle 

v x 2 + v v 2 + -\Tki sin av x + V *2 cos av u = 0. 

For a case deviating from the Darcy law, Khristianovich (65) gets 
equations which differ from those of a circle 

( f>(v ) + sin 6 = 0 or vcf>(v ) + v y = 0 

As a first example of application of the velocity hodograph we quote 
Risenkampf’s (146) solution of a problem treated earlier by Vedernikov 
(165). 


1. Filtration from a Channel of a Trapezoidal Cross Section (Fig. 6) 

If we put 

dz 1 

U = -Tr ~ ~ 

df v x — IVy 

the triangle in the w-plane represents the inversion of the region of the 
v x + iv „- plane with respect to a circle with radius l having its center at the 
origin of coordinates. We have 


du = — — - (A = 

«f^ + “(r-i ) 1 -“V V^r (a)) 

The mapping of the half-strip / onto the semi-plane f yields 


r = 


sin' w 
sin 2 8 


( 7r/ 

V ~ W 


^ 2 Q’ 


U = d = — 

sm 2 6/ 


(4.3) 


(4.4) 


where Q is the full discharge through the section DCB, and Q' is the dis- 
charge through both slopes BC and B'C'. 
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Substituting (4.4) into (4.3), putting l = c™ and developing the right- 
hand member of the equation for du into a series of powers of i, we get 

du = — sin 0(1 -f- ad* + ad* + • • * )dl (4.5) 

where 

Oi = 1 + 2 cos 20 + 2(2 — cos 2 0)a — 3 — 4(1 — a) sin : 0 

a 2 = ai 2 + 2ox cos 20 — 3 — 2 cos 20 -f 4(1 — cos 20)a (4.G) 
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Integrating the equation (4.5) with respect to t, and reintroducing the 
variable w, we get after a second integration 


= _ if 


+ ^ th 8 sin * ( c "' + U **’ + p + • • • ) 


The condition z B - z D = 4- iH leads to: 


B=§ 


"l -^sinofl • a ‘ ■ 0! 


Hence 
Q = w(B + 2 H) 




sin 0 


+ 

oo I 


)] 


(4.7) 
} ) (4.8) 
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Risenkampf (146) gives the approximate, but sufficiently 
formulas: 

• a _ 1 r = 8£(| + a) ( Q _ i r*A 

Sm 6 C( 1 + B/2H)’ ir r(a) V 2Q ) 

1 , 2 8(1 ~ «) 

n " 1 3(1 + B/2H) 9C 2 (1 + £/2tf) 3 


accurate 

(4.9) 


A table of values of C in relation to the values of the angle p = -n-a 
(in degrees) follows. 


(3 = ira = 0 ° 

C = 0 

/3 = ira = 25.2 
C = 0.302 

/3 = ira = 50.4 
C = 0.530 


3.6 7.2 

0.050 0.097 

28.8 32.4 

0.338 0.373 


10.8 14.4 

0.141 0.184 

36.0 39.6 

0.406 0.439 


18.0 21.6 

0.225 0.264 

43.2 46.8 

0.470 0.501 


Vedernikov (172) carried out calculations for trapezoidal, rectangular 
beds; in particular, the velocity distribution along the perimeter is calcu- 
lated for several examples. 

We note that in the problem considered the velocity at infinity is 
equal to the filtration coefficient k. Vedernikov (165) and Risenkampf 
(147) considered also examples of filtration from channels (or water 
reservoirs) with the velocity at infinity equal to zero. As Risenkampf 
points out, flow lines with points of inflection are obtained. 

As a second example, we present Falkovich’s solution of a problem, 
studied by many authors: Nelson-Skornyakov (93), Risenkampf (145), 
Numerov (109), and others. 



2. Motion of Soil Water through a Dam Drained at the Base 

Using the analytic continuation of the flow across the base line AB, 
the author obtains the solution in a symmetric form and expresses it by 
means of elliptic functions. 
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We state the final results. The relation between z and w — if /k is: 


7 a T f snhoi — a- f sn-wi — a- , 1 

L Jo dn 2 'w 1 Jo dn- a wi J 


w 


dn 2,r w 1 

_ if i{<p + i'l') a _ J* “ id- a J ; tan ra 
, A _ j l j i 


a- = 


J 


K K 

Js — k'- a J\ tan tt a 
d< — fc ,s V 2 tan ira’ 
d*> 


a - 

Jo (1 - k- £ 


2 


- r 


cos 2 " <*(1 - sin 2 *>)*"“ 

Wr dy 

cos 2 " v?(l — k' z sin 2 


'* - /o 


sin 2 <p) H+ “ 

Hr dp 


(4.10) 


(1 - k ' 8 m ‘ v >)* +0 


The discharge Q and the lengths of the segments / and L arc calculated 
by means of the formulas 


Q - 


kHK 


K 


l 


NIC , A [* r F(vM sin 2 * -a s ) 
— _ 


K 


L 


dp 


L - A 


IC = 


r 


KJo (1 - fc a Bin 2 *>)“+« 

„ r Hr (sin 2 p + a 2 cos 2 p)dp 
. Jo cos 2 - 2 " p(l - fc' 2 sin 2 <?)*+» 

* r F(k',<p)( sin 2 p + a 2 cos 2 p)dp 
0 cos 2 ~ 2 “ p(l - /;' 2 sin 2 p)° + > 4 


/; 


dp 


■\/l — k- sin 2 <p 


K' = IC(id), id = vT^T 2 (4.11) 


In the limiting case a = 0, i.e., when the slope of the dam is nearly 
horizontal, the formulas are simplified as follows: 


z - l 


kw 2 _ 2 II , 0(w) 

2Q ~ l0g 7(pj 


, HK . II, 1 

1 IC' + 7T 0g id 

mv 


6(w) = 1 — 2q cos ~~ -f- 2 q K cos — 2q 


cos 


Snv 

1C 


+ 


(4-12) 


— 7 rid 


L-I + ILiobjf 1 — exp 

/-) kH IC J — 7 r(jL 4" 1) 

V = -^ 7-7 /c = exp y - < 


For another limiting case a = i, i.e., for a dam with a vertical slope, 
Falkovich (31) obtains 
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, cnw + ik'snw , 

log 3 dw 

dnw 


- 1 = m /; 

(4.i3) 

t Jo \ cnw ) ir Jo 1 — k 2 sn 2 <p 


l 


L~» 

7 r 


log 




F(<p,h') cos <pd<p 


K' 1 - k' 2 sin 2 <p 




We give Risenkampf’s (147) results concerning this problem. When 
the upstream slope EA moves to infinity, the free surface becomes a 
parabola (the filtration coefficient is taken equal to unity), 


VL = X + Q. 

2 Q x ' 2 


(4.14) 


The relation between z and / is 

w 2 

Z ~ ~ 2Q 


(4.15) 


Assuming z = —w 2 /2Q + 4>(w), Risenkampf gets for z and for the 
free surface the expressions 


w i 


z=~^ + ^ 


( 2rw 
r«-‘j 


+ 


2ai 


jj 1 — tan wa 


IT 


sinh 


+ l = lb _2 “ 1 ( C0Sh ^ +1 ) 


7 rH 

~Q 


+ 


The author gives the following approximate formulas. 


I 


H 2 


Q 

2 4(L + X) 

_ H I 1 tan 7ra j 

“ TT L W/H+TMJ 


(4.16) 


(4.17) 


The angle 7ra is assumed sufficiently small here, namely, tan tt a < 
kH/Q. Risenkampf gives the following approximate method for the 
construction of the depression line (Fig. 7). From the point E of the 
head water, along the water level, lay off the segment EF = X, and con- 
struct the parabola (4.14) of focus B passing through the point F; then, 
through the point E and perpendicular to the slope draw a smooth curve 
continuing the parabola. 
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Numerov (104) solved the same problem by another method (see 
section X). For a dam with a vertical slope the author gets the approxi- 
mate formula 


Q « 


kIP 

L + VL 2 + IP/3 


(4.18) 


Nelson-Skornyakov (95) investigated special cases of this problem 
for a — ■§- and a — 0. 

Problems with drain pipes have been investigated by many authors. 
Grib (48) investigated the flow in the case where the free surface is in a 
region bounded by a waterproof wedge-shaped layer, and with a drain 
pipe present. Vedernikov (171) investigated the case of an infinite series 
of drains under the free surface, taking into account the capillarity of the 
soil; Khomovskaya (03) and Vedernikov (172), using a different method, 
investigated the problem of one drain in an infinite region (with a free 
surface). Nelson-Skornyakov (103) investigated the generalization of 
Slichter’s problem of the inflow of soil waters to drain channels at the 
boundary of the body of permeable soil. Falkovich (31) investigated 
this problem by a simpler method. 

We note that in all applications, the construction of the hydrodynamic 
flow net is important. Girinsky (40-42) and Zamarin (189) [see also 
V. Fandeev (32)] worked out practical devices for this purpose. 


V. The Seepage Line 

Observations and experiments have established that when soil water 
flows into a well, the level of the free surface is higher than the water level 
in the well, so that part of the water leaks directly into the air. The 
interface between the air and the soil water is called the “seepage seg- 
ment.” Along it the pressure is constant (equal to atmospheric). 
According to (1.4), 

“ ^ w P-D 

Therefore, on the seepage segment 


<p -f kij = constant (5.2) 

or, using the Zhukovsky function 0 — f — ikz, we get 

Re 0 = constant (5.3) 

Now differentiate (5.2) along the seepage segment. Denoting by a its 
angle with the axis of abscissas, we get 

d<P , . dy 

— P.nn n -4- i) . Qin /v i 



172 


p. YA. POLTJBARINOVA-KOCHINA AND S. B. FALKOVICH 


and, therefore, along the line, we have 

v x cos a v v sin a + k sin a = 0 (5.4) 


In the plane v x , v v the equation (5.4) determines a straight line through 
the point (0, — k) and perpendicular to the seepage line. Along the 
seepage segment, for an anisotropic soil the equation of the straight 
line is 


— ~ cos a H V -~= sin a + sin a = 0 

VKl V *2 


For a flow not following Darcy’s law, Khristianovich (65) obtains 
the equation 

4>{v ) cos (6 — a) + sin a = 0 

where a is the angle of the rectilinear seepage segment with the z-axis. 
For a first example of a seepage segment Davison (29) examined the 
following problem. 


1. A Triangular Earth Darn Filled with Water 

A triangular earth dam filled with water is situated on a horizontal 
impermeable base. The flow domain is a triangle, the region in the plane 





v x v v a polygon so that both domains are mapped on the half-plane by 
means of the Christoffel-Schwartz formula. 

If there is no tail water, the line CiD\ vanishes from the velocity hodo- 
graph, and we get in the i^fy-plane the triangle AiB-lC^. If the slopes 
make 45° angles with the horizontal, the triangle A 1 B 1 C 2 is similar to 
triangle ABC, and we get 

w = v x — iv v = az + b 
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By determining a and bi, we get 

” “ 5 + 1 + ' ) 


Hence integrating, we obtain 

/ = | + z(! + *)] + constant 

The streamlines are hyperbolas ( x -f Hi)(y + Hi) — constant, ortho- 
gonal to AB and asymptotic to DC. The discharge is 3 kHi/ 2. Nelson- 
Skornyakov investigated this case. 

As a second example let us consider a problem of Vedernikov (172). 
The solution given below belongs to Falkovich. 

2. Drain Channel of Trapezoidal Cross Scclion 

Here all the boundaries of the velocity hodograph intersect in the point 
0, — a). Performing an inversion with respect to a circle centered 
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at M, we obtain in the plane a = [v~ — i(v v -f k)]~’ a rectilinear triangle 
with a slit (Fig. 9). Because the condition (5.3) is satisfied along the 
entire flow contour, the region 0 is the lower half-plane. Using the 
Christoffel-Schwartz formula, we get 


du 


AOdO ( A 2 Vs- \A* - a- \ 

(02 _ fl 2) 1-0(02 _ 62 ) a+)P cog ^(^p^ _ a ) ) 


Continuing the flow analytically across the free surface, we obtain in 
the 0-plane a region bounded by a slit along the real axis; mapping the 
outside of the slit on the inside of the unit circle in the f-plane (Fig. 9), we 
get 6 = %b(t + i~ l ), and hence 


du — 


M (i + c-)di _ , 

b (1 - P) 2a (t< - 2 i* cos 2X + 1 )»-«’ a b cos X 


Developing the right-hand term in a series of powers of t, we get 


2 A 

d u = -jj- (1 + a\l- -j- a^l* + • • • )dl 


(5.6) 


where the coefficients a*, a^, ■ • • are determined by equation (4.6). 
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Integrating (5.6) with respect to t, we get 


i 2 A ( 

u ~ ~K = T V 




"■) 


By applying this equality to the point B, we obtain the equation 


— sin air 


4 -\/ir sin X /, . fli , a 2 , \ fK . 

“ f Mfft - - a) l 1 + 3 + 5 + • j < 6 -' 


which determines X. 

The equation (5.7) can be given the form 


— - {d<p -f- idtp) 

K 


-< 


t + jt z + ji 5 + 


)M) 


By integrating along BCD , the real part of this expression, we get 


yp = tcA cos 2a + cos 4v + cos 6v -f • • • ^ 

/ «1 o . ,, , \ , /l O! . a 2 

- (§5 003 2 " + £5 008 45 + ' • ' ) + (2-33 + K6 

( Ql _ 2±. 
2^3 4^5 " 


Hence, finally, 


n — 4 k5 a/tt sin X /i _ _ . \ /c 

cos a7rr(a)r(^ — a) \ 1.3 3.5 / 

By substituting in (5.9) the value 

b = -HQ — {B + 2 H cot 7ra)] 

we get the formula for the quantity of liquid entering the channel: 

„ B + 2 H cot ira 


2 — COS irar(a)r(- 2 - — a)/'\/ir sin \M{\) 


“w-i-n + n- 


(5.10) 


The following special cases are obtained: (1) a channel of rectangular 
cross section; (2) the Zhukovsky drain slit (Fig. 10), for which the equa- 
tion of the free surface is 


-MH) 


(5.11) 
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and for which the width a of the seepage interval is connected with the 
width b of the channel and the discharge Q by the relation 


Q 

a = — — arc cos 

AT7T 


2 Q 


7r(Q + Kb) 


-WS +b )^~^w (5 ' 12) 




Some generalizations of the problem on 
the inflow to a drain slot are given by 
Nelson-Skornyakov (103). (3) A special 

case of a rectangular cross section is a verti- 
cal slot (with 6=0). Vedernikov con- 
structs for it a system of isobars, flow lines, 
and equipotential lines. The height of the exit orifice is connected with 
the discharge by the formula 


ilSi 


Fig. 10 


h — —2 log 2 = 0.441 ^ 

7TK K 


(5.13) 


Assuming one of the equipotential lines ns the contour, the author 
obtains the inflow to a drain filled with water. 


VI. General Case of the Velocity Hodograph 

In the general case, when the boundary of the flow domain contains 
both the free surface and the seepage line, the velocity hodograph con- 
sists of a circumference and of straight lines which have no point in com- 
mon; the problem of conformal mapping of such a circular polygon can- 
not be reduced to the application of the ChristofTel-Schwartz formula. 
The same is true of the case of evaporation from the free surface or of 
infiltration in the surface; it is then assumed that the discharge of the 
liquid across any part of the surface is proportional to the difference of 
the abscissas of the ends of this part, \p — = c(x 0 — x), where c is the 

quantity of water which evaporates per unit time and per unit length of 
the horizontal projection of the arc of the free surface. Thus, on the 
free surface, 

^4-00; = constant (G.l) 

Differentiating this equation along the free surface, we get 
v s sin a — v v cos a + c cos a = 0 

where a is the angle between the tangent to the depression curve and the 
z-axis. Eliminating the variable parameter a from this equation and the 
equation (5.4) derived for the free surface, we get the equation of a circle 

v * 2 + Vu 2 + (k — c)v v - kc (6.2) 
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the circle has a radius of £(k + c), its center is at the point (0,1 (c - «)), 
and it goes through the points (0,c) and (0, — k). 

Davison (19) showed that if the given boundaries are rectilinear, each 
of their segments satisfies two conditions of the type 

ax by 4- c<f> 4- gt = h 


with constant coefficients. In terms of the complex numbers it,-, U, 
mi, n„ these conditions can be written as follows: 

Im (kfi + hf) = pi, Im (■ rmz + «,•/) = q i} ** 0 


where p,- and q, are real numbers, and i is the serial number of the contour 
section. 

Let us assume that the flow domain is mapped on the upper semi-plane 
of the auxiliary complex variable f ; to the boundaries of the flow domain 
there are corresponding segments of the real axis. Differentiating along 
this axis we get 


Im (kiZ + liF ) = 0, Im (m : Z + nd?) = 0, 


Hence, by division 


T h + liw 
Im 1 

mi + niw 


= 0 , 



(Z = dz/d£, 

F = df/dt) (6.4) 


dz Z) 


(6.5) 


This is the equation of a circle or a straight line in the plane of the 
complex velocity w. 

Differentiating (6.5) Davison (19,20,21) obtains 
dz 

arg ^ + 3 arg (m ; + nflv) — arg (m,Z,- — n,-fc,) = mr 


where n is an integer. He used this relation in 1932 to solve the problem 
of filtration through an earth dam. 

In 1934, Hamel (49) gave an analogous solution, using a mapping onto 
a circle instead of onto a semi-plane. By this method several examples 
have been calculated. Polubarinova-Kochina (123-130,136) gave in 
1938 a simpler solution, using the method of section VII, and made then 
extensive calculations. Risenkampf (146) gave some supplements to 
this solution and investigated in detail some special cases of the problem. 

VII. Application op the Analytic Theory of Differential 

Equations 

The process of finding the complex velocity w as a function of f con- 
sists essentially of a conformal mapping of a circular polygon with n 
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apexes, onto a semi-plane. Let the angles at the apexes, which in the 
f-plane become points a,b, • • • c of the real axis, be respectively ra, 
7 r/3, * • * , Try; and let the angle at the apex, which becomes the infinitely 
remote point 

(f = co), be 7r(8 — 5'); a + $ + * * * + 5 + 6 ' = ti — 2 
Let next U and V be linearly independent solutions of the equation 

Y" + ( Luff 4 . LzJ ... + 1 

4. ~ ^>) • • • (f ~ M) y q (y j \ 

+ «■_,) - - ■ - (f - cj J 0 


In the coefficient of Y, the exponent of the numerator is two units 
lower than the exponent of the denominator; X, • • • n are “accessory” 
parameters. 

We have then A,B,C,D being constants, 

F AU + BV _ ,/y\f I TT I mr\ 

w 7 firj i r)\r’ ^ ^{^{AU + 7?1 ), 

+ Z-mCU + DV) (7.2) 

where is a function, which has only regular singularities in the points 
f = a, b, * • • c, and can be represented in the form 


m = (t - a)“'(r - by • ••(*•- c)*' (7.3) 


The exponents a', ft', • • • , 7 ' can be determined in the following 
manner. Let us write down the conditions for two adjacent sections, for 
instance the first and the second ones, 


Im ( kiZ + h F) = Im (m^Z + tuF) = 0 , 
and form the equation 

k{K i{\ k j 1 1 

mjX 71 jX ? 7 ii 1 

k* 2 k 2 7; 

Wl2 1*2 7«2 71; 


Im {kiZ + UF) 

— Im (rn»Z + n : F) — 0 


= 0 


(7.4) 


Designating by X' and X” the roots of this equation, we find 

a'-J+gX', «" = ilo E X" 


(7.5) 


Then we must obtain a ' — a " = a, where a is equal to the angle of 
the circular polygon, divided by tt. These values a' and a are precisely 
those which appear in the equations ( 7 . 1 ), ( 7 . 2 ), and ( 7 . 3 ). 
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a' and a" are given by the formulas (7.5) within an integer. Even- 
tually they are uniquely determined by inspecting the angles of the 
figures representing the flow domain, the region of the complex potential, 
and the velocity hodograph. 

The method indicated was given in the papers by Polubarinova- 
Kochina (123-125,136) and was expanded by Risenkampf (147), Falko- 
vich (31), and Kalinin (57,58). 

The method is successful in the case of three singular points, which 
covers the case of earth dams. 


B 
A 

Fig. 11 

An earth dam with vertical slopes is represented in Fig. 11. In this 
case it is convenient to make the substitution 




Jji ^ __ Z \ irj 

Vo - rxr - <*)(& - f)’ “ VJT~ rxr - a)(b - n 

It follows then that for F x and Z i, f = a and f = b are ordinary points, 
while 0, 1, co are singular ones. Assume 

Z t = AU + BV, F X = CU + DV (7.7) 

where U and V are linearly independent solutions of the equation 


r ' + G + F^l) 7 ’ + irff?T5-o 

Assume further 

k(d= — 

Jo VI — f sm 2 <p 

Then on the different sections of the real f-axis we have 
Z = ~^f g (r) ~ iK( 1 - r)] F = -kAK( 1 - t) 

vo- f)(o - o(b - r) J vd - r)(u - j)(b - fj 

(o < r < i) 

v - -AiK(r j ) F _ -kAik q - r 1 ) 

Vf(f - i)(o - r )(f> - r)' Vf(r - i)(« - rx& - r) 

(1 < r < a) 
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+AK(r') 

K/i/ai - r 1 ) 

6 Vr(r - 1)(« - t)(i> - f) 

Vr(r - do* - a) (6 - r) 

(a < f < 6) (7.8) 


„ MtX(i - r 1 ) 

Pt(t - i)(f - a)(f - 6) 

Vr(c -!)((*- «)(f - 6) 

(6 < r < «>) 

+^IC«1 - f]- 1 ) 

r kakwi - f]-») 

(1 - f) V(a - r)(6 - f) 

(1 - f) V(a - 0(6— 0 

(- ® < r < 0 ) 


Putting a ~ 1/a, p = l/b (0 < a < p < 1 ), and making some 
trigonometric substitutions, we find for the segments 1, II, h, ho (Fig. 11 ), 
for the discharges Qh, Qho and Q = Q n — Qh + Qko, and for the equation 
of the free surface the following expressions: 




7 C(sin 2 ip) sin <pd<p 


■\/ (l — a sin 1 <p)(l — p sin 2 <p)’ 


L 


■-/: 


K( cos 5 v?) sin <fd<p 


\f '1 — a sin 2 9>)(1 — p sin 2 <p) 


K(a -f~ [j 3 — a] sin 2 <p)d<p 
\/l — a — (p — a) sin 2 1 


h= n 6r K( l + {i a sin; y)c/y 

Jo pP - a + (1 — P) sin 2 <p 


P 


K{ sin 2 95) sin <pd<p 


v( T — a sin 2 9?) (1 ~ /9 sin 2 99) 


■ ^ r 


■\fa\ 

K(a sin 2 95) sin <fd<p 


j: 


_ 1 f» r K(l - Pi sin 2 tp)dtp (7 9) 

pi — t7 sin 2 95 " 1 


\/(l — a sin 2 9?) (1 — 7 sin 2 95) 

^ _ f y - r K ( cos 2 9?) sin 95 cos 9?c?9? 


Q' = - = 


/: 


1 [H* K (p y sm- <p)d<p 


L 


p(l — ay sin 2 9>)(1 — £1 sin 2 a) 


Vai Jo Vl — 


7i sin- 1 <p 


<h' = f 


r 


7 C (1 — a sin 2 9?) sin 99^9? 
\/(l — a sin 2 95) (1 — 7 sin 2 99) 


Q h ' — — f Vir K(s\n 2 90) sin 99 cos 9 pc?9o 

K Jo V(1 — ai sin 2 9>)(1 — St sin 2 9 ?) 

(«! = 1 - a, py = 1 - p), 7 = ar// 3 , 71 = p x / ai 

In these formulas the notation A = % \Za b is used. 
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By means of the obtained equations, graphs are constructed for dis- 
charges and the seepage segment ho as a function of the ratios l/H and 
h/H. For the limiting case of no tail water and an infinitely wide dam 
(h = 0, l = co ) , we have a = 0, j3 = 1, and the equation of the free 
surface becomes 

1 r~ m - m)dm (0<m<1) 

2 Jo 1 - m 

(7.10) 


x = 0.0356 

0.0733 

0.250 

0.490 

0.800 

1.085 

1.520 

y = 0.0838 

0.160 

0.445 

0.771 

0.973 

1.224 

1.566 

x = 2.35 

5.95 

10.87 

17.10 

24.66 

33.55 


y = 2.13 

3.96 

5.77 

7.58 

9.38 

11.19 



Figure 12 represents the corresponding graph. If there is no tail 
water and l — » , i.e., in the case of inflow from infinity to the channel, 



1 f m K{m)dm 

X " 2 Jo 1 - m ’ 

We have then 


one gets the simple relation 

Q = 1.346/c^o 

Uginchus (164) indicated an approximate method for the calculation 
of earth dams and checked its accuracy by comparing some of his for- 
mulas with the results of Polubarinova-Kochina for a dam. (See also 
Nelson-Skornyakov (103).) 

1. Seepage of Soil Water onto the Downstream Dam Slope 

If the upstream dam slope is situated very far from the downstream 
bank, and there is no tail water, the ground water will leak on the day 
surface of the downstream slope in the section BC = l. Such a problem 
was investigated by Falkovich (31). Among others, he obtained the 
relation between l, Q, and the angle ira in the following form: 

4 O fi r r 

l = — 5 I tan 1 - 20 x log cot | dx (7.11) 

K7T JO £ 



THEORY OF FILTRATION OF LIQUIDS IN POROUS MEDIA 


181 


and plotted the corresponding graph (Fig. 13). It is interesting to note 
that the function of a is not monotonic. 

The following problems can be solved by means of differential equa- 
tions: (1) those of the filtration with evaporation across a drained dam 
[Polubarinova-Kochina (127)]; (2) those of the inflow of soil waters to a 
system of drains located on a waterproof layer, taking account of filtra- 
tion [Falkovich (31)]; (3) and some problems of filtration in a two-layer 
medium, treated in section X. 




It is not difficult to write the corresponding linear differential equa- 
tions for dams with oblique slopes, which is done by Polubarinova- 
Kochina (128) for the case of no tail water, but, because the equations are 
complicated, no calculations have been made. 

When there are more than three singular points and the lines bounding 
the region in the hodograph plane do not intersect at one point, the 
method based on the analytic theory of differential equations reduces to a 
differential equation which contains unknown accessory parameters. 
The calculation of these parameters results in complicated transcendental 
equations; in some special cases it is possible to carry out the calculation. 
As an example let us consider the inflow of soil waters to a system of 
drains resting on an impermeable layer [Falkovich (31)]. 
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On a horizontal impermeable layer there is uniformly distributed an 
infinite series of drain pipes [Fig. 14(z)]. On the horizontal surface there 
is an inflow of a quantity of water proportional to the horizontal projec- 
tion of the free surface. The assumed form of the free surface is indicated 
on Fig. 14(z). Then the velocity hodograph has the form shown in Fig. 
14(v). Distributing the singular points as shown in Fig. 14(t), we get the 
following Riemann scheme 


u = 


(t+DVi-t 


v = P 


T 1 

0 
1 
2 


0 

1 

2 


1 

k 

0 

1 

2 


0* 


Consequently v satisfies the equation 


dh , 1 ( 

W + 2 \; 


t + k' 


+ 


+ 


1 


t + 1 ‘ t~ 1 


+ 


1. \ dv 

- k~ V dt 


+ 


av 


(i t 2 - 1 ){i 2 - k ~ 2 ) 
where a is the unknown accessory parameter. Putting 


= 0 


=/: 


dt 


V (1 - « 2 )(1 - kH 2 ) 

reduces the equation to 


+ K, 


K 




dt 


(1 - i 2 )(l - k 2 t 2 ) 


% + ah * v = 0 


By integrating this equation, we get 
df _ A sin (k \/ ar -f- «) 

dt ~ (1 + 0 vT^l 


dz _ B sin (fc yar + ff) 

_ (1 + t) Vi^T 


Determining from the boundary conditions A,B,k,a, we obtain for 
the calculation of the accessory parameter a the equation 


cos 2k -y/a K = 0 


VIII. Inverse Methods 

Since for given boundaries the determination of the flow of soil waters 
is frequently very complicated, and for curvilinear boundaries no general 
methods exist at all, it is sometimes attempted to assume the relations 
between the unknown functions so as to obtain in the z-plane a contour 
of desired form. 
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1. Filtration from Channels 

The first problem of this kind was proposed by Hopf and Trefftz (51). 
It is the problem of the discharge of soil waters intercepted by a “head 
channel.” In 1931 Kozeny (67) gave for it several flow models assuming 
certain equations between z and /. One of these equations 

z - —H exp + — — —H exp — - — + - (<P + fy) (8-1) 

representing the filtration from a channel, has been obtained by Vederni- 
kov (172) in a different way: he assumed in the 0-plane a semicircle which 
corresponds to the perimeter of the channel. The discharge is expressed 
by the formula ( B is the width of the channel, II is the maximum depth) 

Q = k(B + 2 H) (8.2) 


Assuming in the equation (8.1) a system of values <p = constant and 
i p = constant, Vedernikov gets a flow net, and by means of the formula 



p/y — — (<p / k + y) he plots the isobars. The various forms of the 
channels and the velocity distribution along their perimeters are repre- 
sented in Fig. 15, their isobars in Fig. 16. 

2. Inflow from Infinity to the Drain Channel 

Bazanov (8) assumed that in the plane dz/df = 1/w there corresponds 
to the channel contour a semicircle, and obtained relatively simple equa- 
tions. He designed several channels and plotted the flow net for one of 
them (Fig. 17). Let us remark that in this case the channel boundary 
is the seepage line, and there is no water in the channel, i.e., a very thin 
layer only. 

S. Earth Dam with a Curvilinear Boundary of the Reservoir 

Assuming the contour of the velocity hodograph along the boundary 
of the head water to be an arc of a circle, designating by a (Fig. 18), the 
angle between the tangent to the slope line and the x-axis, and assuming 
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also 7 = (L + l)/H, Nelson-Skornyakov (91,93) obtained for the flow 
the following equation: 

* - f (* “) 008 3? _ tan “ " « + § ( y + 5 ,an “) 

(8.3) 

By separating in the equation for z the real and the imaginary parts, one 
can plot the flow net. The equation for the upstream slope is obtained 



when ip — —kH. The discharge Q through the drain segment l is deter- 
mined from the equation 

1 — \ tan a ) sm ^ 1 Tli tan a Si 1 = ® (8.4) 

This model has the shortcoming that the line AB descends, though 
slowly, to infinity. A model free from this shortcoming was proposed by 
Vedernikov (174,175) in the following form: 


Jj-. Dam with a Curvilinear Upstream Slope, but with a Horizontal Bottom 

of the Upper Reservoir 


The author proceeds from the condition that for the Zhukovsky 
0-function the contour is a broken line (Fig. 19). The solution is then 
(/3 is a parameter) 




j_±_0 + r)° 

2(1 - a) 


r 1 


—a 


/ = 0 sin -1 



(8.5) 


The equation of the free surface is 


Hi 


ira(l — a) 




1 + (1 + 


y t — ft sin 


2 ZL 

2 Hi 


( 8 . 0 ) 
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In the neighborhood of the downstream slope, this equation reduces to 


x 


L + 1-— ^—(l + j8)“ cos 2 


iry 


ct 2Hz 

For the width of the drain slit the approximate expression 


I 


HiP'—i i - /s y 


(8.7) 


( 8 . 8 ) 


is obtained. 



A pressure slope built on the basis of these formulas differs little from 
a rectilinear one. 

5. Dams with a Nonhorizontal Impermeable Rock 

The two dams examined are situated on a permeable base of infinite 
depth. Voshchinin (188) assumes the permeable base as being of finite 



depth, but its lower boundary becomes curvilinear, since he takes as 
condition on the lower boundary (besides \p = constant) the constancy of 
Re 6 = <fi + K y. He neglects the influence of the pressure slope (Fig. 20). 
The relation between z and / becomes 

tanh ^ T (li + z -fj = k S n(^f+ K, A;) (k = tanh (8.9) 

where k is the modulus of the elliptic function sn, and K the full elliptic 
integral with the modulus k. 

For the discharge Voshchinin obtains 

„ kHK' 
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The lower boundary of the permeable la} r er is a curve which in infinity 
deviates from the horizontal by the distance ±?H. 

To find the drain segment a it is necessary to substitute in the equation 


tanh h (I - f ~ “) = - 


the value 


k 


dn(2K$/H,k') 


'/'o 


H 
2 K 


(/;' = Vi “ fc s ) (8.10) 


r* dt /„ 1 , 2Klk\ , 

L V(i - \ ~ VT+ b-’ -u ) (SJ1) 


Nelson-Skornyakov (OS) considers a different, model of a drained dam. 
The layer of water in the head water is also assumed as infinitely thin. 
At a certain depth under the dam the author places a vertical impermea- 
ble semi-infinite segment; lie gets then a family of parabola-slmpcd 
streamlines, which bypass this segment, and whose branches go down into 
infinity. Any of these streamlines can be taken as a rigid boundary. 
Nelson-Skornyakov’s (99) problem, mentioned at the end of section III, 
can be considered also to be an inverse problem. Nelson-Skornyakov 
(99) in his book solves a series of “limiting” problems, i.e., problems with 
relatively simple solutions, defining boundaries such that the real cases 
are bracketed by the “limiting” ones. However, it is not always possi- 
ble to assert that the flow elements in the intermediate cases will have 
values intermediate between those obtained in the limiting cases. This 
is, for instance, shown by the graph in Fig. 13. 


IX. Other Methods 
1. Reduction lo Hilbert's Problem 

Numerov developed a method for problems in which the domain of 
the complex potential is known. Following the author, we denote it by 

« = <P + i'P, du/dz — v x — iv y (9.1) 

The coordinate z is considered a function of w. 

On different segments of the contour of the w region the author 
obtains for the unknown analytic function Z(u) = A' + iY the condition 

aX + bY = c (9.2) 

where a, b are constants, and c the given function of the boundary arc. 
This is the Riemann-IIilbert problem. 

As an example, Numerov (110) considers filtration through an earth 
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dam with trapezoidal cross section, located on an impermeable base, with 
drain in the downstream part, without an interval of seepage (Fig. 21). 

Let us write the relation between the velocity potential and the pres- 
sure in the form [see (1.4)] 

* = Re w = 2 + 7H y 7g (9 ‘ 3) 

and let us introduce an auxiliary function 

z <“> - m - •]’ + z( ”> < 9 - 4 > 

For this function we get the following equations of the type (9.2): 

On the line M 1 M 2 , where y = 0, = 0 

Y = 0 



tt 

Ni4 

f© m 3 


1 

xH 



Q — 

_S 

2 


M, 1 

1 M-,' 


© m 2 Ms 

0 y 1 


Fig. 21 


On M 2 Mz, where <p = %kH 

v * n ri ( i , ^ 2 ) * n , hz cos ttP , sin irfi . . 

X sin ir/3 - Y cos tt/3 = U + ^ 1 sin tt/3 H — - $ ^ 

On M z M it where p = p 0 , \j/ = Q, <p = %n(hi + h 2 ) — ny 


Y = 0 

On MiMi 

v • v K hi 2 sin ira . hi COS ira , sin ira , „ 

A sin ira — Y cos ira = — \- ^ — — - 


2 Q 


Q 


2 kQ 


Then the author maps the rectangle of the w region onto the semi- 
plane f (Fig. 21), 


f “ ksn (vr k ) 

k being determined from the equation 


(9.5) 


_Q IP 

kH 2 K 


(9.6) 
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The author then introduces a new function 


TF(f) = %At 4- m* + v(tfZ(n 

where 

w(o = i(k - r y(k 4 - f)>-(i - n’-^d 4- n n 

On the segments of the real axis of the f-plane lie gets more convenient 
conditions for TF(f), IF being an analytic function in the upper semi- 
plane, including the point J* = « , single valued and continuous up to the 
real axis, on which the following conditions hold: 


/(*) = Re TF 


where 


+b. - gWI - &')] < ( < 1) 

-«0 + F(X,k') + <£<•>•) 

(0|{|<7,lfl> ]) (9.7) 


X = arc sin 


iin x|V 


a 0 = hi COS cor 4- 


*t(*) = tt - W* 4- 0 5 -°(i - 4- £) a 

$:(£) = (A* - «*(-* - 0«-(l ~ 4- 0" 

>.7i i - sin or Q sill cor 


2Q 


6 0 = L sin 4- hi cos /3?r 

, Q sin qttt 

a i — hi cos cor > 


2k 

k/i; 1 sin /3 tt (? sin /3s- 


2Q 


2k 


6i = /i* cos /3r — 


0 sin /3s- 


Q sin cor 

“•"““ir"' 


& 2 = 


Q sin 07r 
2 k 


Now, instead of linear combinations of two functions X and Y, only 
one function is given: the real part of TF. This is the Dirichlet problem 
for a semi-plane, solved by means of the Cauchy type integral 

/ | j 

_,f=j + iC + w + m + »(r)z(o 


Substituting in this equality successively £ = ±k, f = +1 and sub- 
tracting, one eliminates the constants A,B,C and gets Z({) in the form 


z(f) = - - (k - ty-pQc 4- r)°(i - mi 4- ft 1 - 

f +l M dl f + ‘ fW n 

i - 1 (fc 2 - 0(1 - t 2 )(t - r) J~i (/c 2 — / 2 )(i - 1 2 ) 0 ( 9,s ) 
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Finally, for z{oi) the solution becomes 


2 («) = 


1 ic(hi + ^ 2 ) 

— 1 M 

2kQ [ 2 J 


- - (fe - r) i -o(fc + r)“(i - mi + 

7 r 



f(t)dt 

{h 2 _ «. )(1 _ f 2 )(i _ f) 


f being determined by (9.5) and / by the formulas (9.7). Q and k are 
calculated by means of (9.6) and (9.8). 

If L/H > 10, then Q/kH is small and k near unity, and k' ~ 0 and 
F(t,k') ~ t. With these assumptions the equation (9.8) yields 


L « K ^ 1 „ — 2 — + Ai[cot air — fi(a) cos qitt] — hifiifi) cos fiir 

— — / 2 (a) sin air — f s (P) sin frrj 

where 

fi («) = £ t cot 1 - 2 " ~ dt, /,(«) = £ i (l - |) cot 1 - 2 " J dt, 

/»(«) =1 J\> cot 1 -^ 


Assuming « = 95 + iQ, and assuming that at fc 1, sn(u,k) ~ thu, 
the author obtains for the depression curve the following equations: 

For the left-hand half of the curve: 


1 ~ [cot - Fi (tanl «)] 

+ ~ tan TraFz (tanh A a) (9.9) 

For the right-hand half of the curve 
* « L + ‘- Q tgr 1 + 

+ 2F 1 (ftH&+J'), (! ) (9.10) 

The author gives tables for the functions Fi(u,a)(i = 1, • • • , 4) for 
both arguments. 

For a dam with a vertical upstream slope the equation of the depres- 
sion curve is given by the author in the form 
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+ (9 - n) 

Instead of the four functions F,-, there remains only one: 

F(a) = - J tan -1 (^u tan ^ ~ tan -1 ^ 1 / tan 7^ j dC (9.12) 

At the end of the paper the author investigates the condition for the 
absence of the seepage interval. 

In the paper by Numerov (104) there is given the calculation of two 
dams, one of rectangular, the other of a trapezoidal cross section. The 
same paper has a section on the application of electrohydrodynamic 
analogies for plotting flow nets. In other papers (105, 10S) there are 
discussed problems of bank drains running parallel to the banks of a water 
reservoir or channel, on an impermeable base of infinite (105) or finite 
depth, in the presence of evaporation or infiltration on parts of the free 
surface. In one paper (10G) Numerov is concerned with the problem on 
filtration through an earth dam with an inclined upstream slope and a 
horizontal drainage on an infinitely deep permeable base. In two papers 
(109,111) he gives tables of auxiliary functions which appear in the 
formulas derived by the author. 

2. Applications of Functional Analysis 

These applications are made by Gcrscvanov. Designating the 
velocity potential and the stream function (appropriately normed) 
respectively by a and p 

w — <p + ty — a. + iP, dw/dz - —v s -f iv v (9.13) 

the author writes the relation between the complex coordinate of the flow 
and the complex potential in the form x -f iy — j(a + ip)\ hence 

* = \ [/(« + ffl + /(« - m \K« + iff) - /(« - iff)] 

Using part of the boundary conditions of the one or the other problem, 
the author writes for the function / a functional equation of one of the 
types 

f{x + p) ± /(*) = rx + s or /(px) = f(x) (9.14) 

p,r,s being constants. 

The author seeks the solution of these equations in form of series of 
exponentials. By this method lie gets solutions of special problems con- 
cerning some cases of filtration from channels and the flow around a 
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cutoff in a permeable layer of finite depth. For a cutoff in an infinite 
region (semi-plane), the author obtains an infinite number of solutions 
which satisfy the boundary conditions; but the solution for which the 
condition at infinity is prescribed (in this problem the velocity is to be 
zero, in other cases the velocity may be a constant or have a certain order 
of growth) is the only one which coincides with the one already known. 

Regarding the problem on the earth dam without a seepage interval, 
we make the following remark. Filtration in a dam is impossible with- 
out a seepage segment, unless the flow satisfies some additional conditions. 
In Gersevanov’s solution, as shown by the study of the velocities, there 
is on the boundary of the tail water a point vortex which causes the lower- 
ing of the depression curve. 

S. Variational Methods 

In his work in jet theory, Lavrentiev obtained some theorems per- 
taining to the following problem: How is the mapping function and its 
derivative affected by small changes of the boundary of a given region? 
These results he also applied to the motion of soil waters (76). 

Assume an apron (0,1) with cutoffs whose lengths are l h U • • • , 
l p (Fig. 1), the depth of the impermeable layer being h. Variational 
theorems lead to a number of qualitative conclusions concerning the 
changes in the basic flow elements [such as discharge, exit velocity (along 
the boundary of the tail water), and pressure on the apron] in response to 
changes in the dimensions of the elements of the installation. 

If the length of one or several cutoffs is increased, all the flow lines 
are lowered, and the discharge and the exit velocity are reduced. The 
most effective means of reducing the exit velocity is to lengthen the 
extreme right cutoff. 

If the length of a cutoff is increased, the pressure on the apron is 
increased to the left of this cutoff, and reduced to the right of it; in 
particular, an increase of the length of the extreme right apron increases 
the pressure on the apron everywhere. 

The same theorems permit justifying and making more accurate the 
approximate methods of solution of problems on filtration, and estimating 
the errors of these methods. Lavrentiev analyzes from this viewpoint 
the “fragment method” of Pavlovsky which replaces the actual equipo- 
tential lines y\ , y 2 • • • (Fig. 1) by vertical segments yi", y 2 " * * ■ . 
The author points out the possibility of increasing the accuracy of the 
method of fragments by taking as y/' half of a sine wave. The author 
indicates then a procedure for the modification of the velocity potential 
when modifying slightly a structure, and this specifies the procedure for 
the case when the length of one cutoff is changed. 
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X. Filtration in Multilayer Soils 

Let us assume that the flux of soil waters filtered through a soil of 
filtration coefficient m crosses some surface ,S into another soil of a 
filtration coefficient k 2 ; the velocity vector suffers then a sudden change 
across such a surface of separation. Designating by Vi and V;, the filtra- 
tion velocities on the surface S in the first and second soil, we have the 
following boundary conditions: 

PI- = Pin, = % (10.1) 

The first condition is the continuity equation, and the second is 
obtained from the Darcy Jaw and the continuity of the pressure across 
the separation surface S. Thus the plane problem reduces to the deter- 
mination of two functions of a complex variable dfi/dz - r t - — iv\ v and 
dfi/dz = v 2x — iv 2u , which determine the flow in the first and in the 
second soil, and which satisfy the conditions (10.1) on the separation line. 

In the general form the solution of this problem can be reduced to a 
system of singular integral equations, but this method is of little use for 
numerical calculations or the derivation of analytical relations. 

Particular problems have been solved by several methods, such ns (1) 
construction of the flow from the singularities, (2) application of the 
Fourier integral, (3) application of the analytic theory of differential 
equations. 


1. Construction of the Flow from Singularities 

As an example let us consider the flow represented on Fig. 22. The 
liquid which filters from the water reservoir of depth If i into the soil with 
the filtration coefficient ki and thickness h goes in part into the water 
reservoir of depth II 2 , and in part into the soil of different filtration 
coefficient * 2 , whereupon it enters into the water reservoir of depth 1I 3 . 

To find the complex velocities v tx - ir lv and r 2r — iv !v which deter- 
mine the flow in the first and second soils, wc note that for y = 0 both 
functions are imaginary, and for y = -h real. Hence both functions 
can be analytically continued: the first on the entire semi-plane x < 0, the 
second on the semi-plane x > 0. Moreover, the function v lx - iv i„ has 
simple poles at the points z - —a ± Znih (n — 0, ± 1, ±2, • • • ) with 
the residues ( — 1 )"ai(// i — Hf)i/ir ; similarly the function v 2z — iv iu is a 
function determined in the semi-plane a; > 0 with simple poles in the 
points z = b ± 2nih and residues equal to ( — 1 ) T, /c 2 (// 2 — II s )i/ t. 

To satisfy the boundary conditions (10.1) on the separation line, let 
us place at the points z = a ± 2 nhi and z = —b ± 2 nhi vortices with 
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intensities ( — l) n xi(Hi — and (— 1 )"k 2 (H 2 — H 3 )(l — 

Here and in the sequel X = (* 2 -f- m) (k 2 — ki). 



Fig. 22 


We get thqn for the unknown functions the following expressions 

vi x — iv i„ = ^ (Hi — H 2 ) cosech 

+ X(Hi - H 2 ) cosech + (1 + X)(H 2 - HO cosech 

( 10 . 2 ) 

~ (1 - X) (Hi - H 2 ) cosech 

+ (H 2 - H 3 ) cosech - ( - ^ ^ - X(H 2 - H 3 ) cosech -- (z 

By the same method solutions are obtained for a system of drain pipes 
and for two symmetrically situated dams (Fig. 23). The last problem 



Fig. 23 


leads to the construction of a purely circular flow around a double net. 
The solution has the form 
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Viz 


— IVty = ^ 


cosh ™ + D sinh ^ 
n 


ir)/ 


cosh 2 


2ffa 


^ ki( 1 4* X)(7/i 4- 7/.). 

A — ^ ?, 


cosh ! ~^cosh ! ~~ — cosh 2 


C = 


2.7, 

k*(1 - X)(77, 


7? = 


h A ” /« /» 

Ki[//ad 4 X) ~ //id - X)j 
2.7, 


77.) 


2 ./i 

r It , 2x5 
v7 1 — 7 r— cosccli — 5 — 
2r 7; 


f 


(10.3) 

T , *.s(77 1 (l - X) - 77 s (l 4- X)) 
2,7. 
d<p 


\/l — p 2 sin 2 93 
r 7i . 2^5 d? 

J ’ = ^ scch —L 


n -* * 1 . 2 ttg . n 2 rh 

73 * = 1 — sinh* -j— coscch- -r- 
h h 


“\J 1 — q- sin 2 93 

r 


. , , 2rfl , „ %rh 

1 — cosh* -7— scch* — — 
h h 


The solution of the last two problems by the method of differential 
equations is given by Polubarinova-ICochina (137). The construction of 
the solution from singularities belongs to Falkovich. 

2. Construction af the Flow by Means of the Fourier Integral 

The representation of the solution of multilayer problems in the form 
of the Fourier integral is possible in the ease when 
there are only point singularities, and when the 
separation lines of the layers with different filtra- 
tion coefficients are parallel straight lines or straight 
lines intersecting at one point. This method was 
proposed by Risenkampf (148). 

Let us consider the problem, solved by Risen- 
kampf, and concerning the filtration of water, 
under a thin wall separating two water reservoirs, 
into soil consisting of two layers with filtration 
coefficients m and kz) the second layer extends 
indefinitely downwards (Fig. 24). We seek the 
complex velocity in the first and second layers in the form : 


1 

>y 

— — — 

„__ r 

H 

l 

0 






Fia. 2 4 


. K\Hi f 1 

— tVu, — — — - 




T (_Z 


4- i 


' + « 


r + « 

i J~. G 


(u)c~"“du 


v*z — iv 2 „ = — ~~ J b(u)e~ iu, du 

where a(u) and b(u) are unknown functions of the real variable u. 


(10.4) 
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Representing the function 1 /z in the region 0 > y > - b in the form 



and satisfying the boundary conditions on the separation line of the soil, 
we determine a(u) and b(u). The solution has the form 


VlT ~ iv ly 


V lx — iviy 


K\Hi 


- + 2X 
z 


L 


— X) 




* sin uzdu 
e 2ku - X 
&* ut du 
1 - Xe-“ 


(10.5) 


Polubarinova-Kochina (136) showed that by the method of the 
Fourier integral, one can solve the problem for an arbitrary number of 
layers of arbitrary thicknesses and different filtration coefficients. 
Distributing the singularities along some segment of the curve, one can 
obtain from the solution of the problem discussed an integral equation 
which determines the solution of the problem of filtration under the apron 
[Polubarinova-Kochina (137), Kalinin (55), Risenkampf (148)]. Lavren- 
tiev and Pogrebissky (77) distribute the vortices along the separation line 
of the soils. One can hereby assume an arbitrary number of drain pipes 
in the soil. [Topolyansky (162,163)] Falkovich (31) solved the problem, 
represented in Fig. 24, when the separation line of the soils is inclined to 
the horizon. In this case it is necessary to use the Riemann-Mellin 
integral instead of the Fourier integral. 


3. Three-Dimensional Sink in a Two-Layer Medium 

Millionshchikov (87) solved with the aid of the Fourier integral the 
following problem. At the point z = o, between the planes z — 0 and 
z = h, there is a sink. The plane z = 0 is impermeable so that in it the 
vertical velocity is equal to zero. The region z > h is filled with a 
medium of another permeability. Putting 

n= - ci (^ +z ){ c ‘ = i) 

and assuming i = 0 for the upper region, and i = 1 for the lower one, we 
find, from the continuity of the pressure and the normal velocity in the 
separation plane of the two media, that for z = h 

dtp o _ dtpi 

dz dz 


Co<po = Ci<p lt 
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The solution <pi can be represented in a series form (r = %/ x- + if') 


<p i = 


Qi 


+ 


to 

l 


X u 


4ir \{r‘ + (a - zy]» ' 4, [r- + (2nft - a + *) 2 ]” 

n - I 


+ 


03 


+ 


[r* + (2 nh + a- s ) 2 P ' Z/ (r 2 + (2n/» + a + z) 2 ]” 

7i *• 1 n -• 0 




X" 


+ 


n*» 1 


[r : -f {2nh - a - z )=]»« 


| (*-M) (10 G> 


The pattern of the flow is such, as if at the points ±2nh ± a there 
existed sinks with intensities decreasing in a geometric progression. 

If c = 0, i.e., the upper layer is impermeable, we get X = 1 and the 
series for <j> becomes divergent; in this case one can use for <p the formula 
given in the book on Bessel functions by Gray, Mathews, and McRoberts 
or in Bateman’s book, (z 1 is the sink point, z — ±c are the rigid walls.) 

2 cosh l(c — z) cosh l(z' -f- c) 
sinii 2 Ic 

z' < z < c 

2 cosh /(c — z') cosh l(c -f z) 
sinh 2 Ic ’ 

-c<z<z (10.7) 


<P = / 0 " y(z,z')Jo(lr)cn, y(z,z') 


4- Method of Differential Equations 

Polubarinova-Kochina (120,137) showed that the method of differen- 
tial equations can also be used for the solution of problems of filtration 
in a two-layer soil if the regions occupied by the two soils are the same 
and bounded by segments of straight lines. As an example of the appli- 
cation of this method let us consider the filtration in a two-layer soil, 
consisting of two horizontal layers of filtration coefficients k i and ks 
(Fig. 25), and of equal thickness h. The upper layer has an apron. 
The lower layer is situated on an impermeable base. Putting 

f ~ 2 ~~ cosh — (a = tanli 5 (10.S) 

let us map the region AiDCBA goes into the upper semi-plane, and the 
region ABE At into the lower. 

Investigating the functions F 1 = dfi/df, F* = df 2 /df, where /* = Vk 
+ i'Pk, we get for them conditions shown on the corresponding segments 
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(Fig. 25). Using these conditions, one can continue the function F h 
defined in the upper semi-plane, into the lower semi-plane, and the func- 
tion F 2 from the lower into the upper semi-plane, by considering Fi and F 2 
as linearly independent integrals of a linear differential equation of 
second order. 
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Fig. 25 
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Analyzi ng the boundary condit ions on the real axis, and putting 
F i = 0i/VT ~ ®» Fi — fa/ Vf — a, we find that the functions <t> i and fa 
represent branches of the Riemann function 
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Finally we get 

Fi = + V-l) u ~ (Vl ~ I - V^I) 2 ' 

2 Vr(l - r)(f - a) 

F , = _ g KVi - r + V-r) 2e - (yT^T - V -rUM 

2 Vr(i - 0 (r - a) 


B = 


K\H 
2 /’ 


J = 



cos 2eada 
■\/k z — sin 2 a 



tan ire 


For the complex velocities in the first and second medium we have 


vix — iv u 


Kiflir 

IhJ 


( sin w’g-j-t \/ cosh 2 ml — sin 2 unz) 2( -f- ( — sin wiz~i \/ cosh 2 wl — sin 2 wiz) 2 1 

Vcosh 2 wl — sin 2 wiz 
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Viz ~ 1^24 = 


K jHttJ 

DiT 


(sin wiz + i \/cos h 2 wl — si n 2 unz)-‘ — (sin wiz—i Vcosli 5 wl—s'm- wit)-' 

(10.9) 


s/ cosh 2 wl — sin 2 wiz 


where a> = ir/2h. 

In the paper by Polubarinova-Kochina there are also given formulas 
for the velocity along the boundaries, and a 
graph is plotted for (the relation between) 

Q/k\H against e and I/h. 

By thesame method Polubarinova-Kochina 
solved the problem of filtration in a two-layer 
soil in which a cutoff is driven to a depth d 
(Fig. 2G). A special case of this problem, 
when d — h, was investigated earlier by 
Girinsky (41); Kalinin (56) obtained the solu- 
tion of the problem of filtration under an 
apron, shown in Fig. 27. The latter problem reduces to a differential 
equation with five singular points, and the solution is obtained in terms 
of the theta functions. 



y 

r 

H 

1 

:-A\ 


1 ‘ ‘ l - - 

h * 

G 

c * ’**. s :y % 

t D | 

*2 h 

1 c 

X 

///A /////* / /// /✓ ///////* 

Fro. 2G 



5. Hydraulic Theory of a Well in a Two-Layer Medium 

Myatiev (89) investigates the problem on filtration in a permeable 
layer taking into account the low permeability of the neighboring laj'ers. 
Designating by z the pressure, taken as the average along the height of 
the layer, by H the value of the pressure at infinity, and setting 

H — z - S 

he gets the differential equation 
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where mi is the depth of the upper layer of filtration coefficient k i, m% is 
the depth of the following layer of low permeability and filtration coeffi- 
cient k s , and m 2 is the depth of the middle, main layer (of filtration 
coefficient k 2 ), for which S is wanted. Some generalization of this theory 
is given by Polubarinova-Kochina (144), who presents the following 
derivation of Myatiev’s equation. 

Let us average the continuity equation (1.3) along the thickness m„ 
of the layer. 


d_ 

dx 



vJz + jr~ 
dy 



v y dz + 



^dz = 0 

dz 


or 


~ ( m n V x ) + ~ ( m„V y ) + (y z )m n - (v t ) 0 = 0 
ox oy 


( 10 . 11 ) 


Here V x , V v are the average velocities; let us introduce the average 
value of the pressure 


1 f mn 

H n (x,y ) = — / h n (x,y,z)dz] 
Wn J 0 


v x 


dH n 
Kn dx ’ 


V v 


dH „ 

K» ' a.r 
dy 


For a layer of constant thickness, assuming that the vertical velocities 
on the top and bottom of the layer result from seepage through the 
neighboring upper and lower layers of low permeability, of thicknesses 
m„_ i and m n+ 1 , of filtration coefficients k„_i and k„ + 1 , and average pres- 
sures i?„_ i and Hr+i, we have 


/ \ H n Hn — i 

( V z )m n — K n — 1 ) 

1 

/ 

\ dx 2 ' dy 2 ) m n -i 
which for n — 2 gives (10.10) and 


iPz) 0 — Kn-f-1 


H n+1 - H n 
m n + 1 


7?lnKn 


+ ^k)~ ~ = o 

(10.12) 


m „+ 1 


i? — Kn + 1 


H n+1 + £= 1 - / (-^±1 + 

m n+ i m„_ i // \m n+ i m n -i/ 


If we have a flow with a free surface, m„ is a variable; one can take 
m n = H n , and we get Myatiev's generalization of Dupuit’s equation 




w + ~ (H n+1 - H n ) = 0 

m n+ i 


(10.13) 


where w characterizes the infiltration or evaporation with a free surface. 
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If K n + 1 = k„_i = 0 is assumed, (10.12) gives us the Laplace equation, 
and (10.13) the Dupuit equation (the subscript n is omitted) 


d‘ir- a 1 // 2 

dx* + dy- 


10 


(10.14) 


For a well of radius S situated along the z-axis, the solution (10.10) 


takes the form 


S = H -z 


E Kp(r %/x) 

2xpKjvi 3 \/\ Ki(5 Vx) 


(10.15) 


where E is the output of the well, and A 0 and A'i are Bessel’s functions of 
second order and imaginary argument. 

Calculation with the last formula gives good agreement with experi- 
ment. 

XI. Filtration of Oil 


Following Dupuit (30), Forchheimcr (33), and Zhukovsky (195), it 
is usual to assume in the basic problems of oil filtration in a porous 
medium (sand) that a slightly curved layer is horizontal and limited by 
two impermeable horizontal planes. If the well is perfect, i.e., passes 
through the entire thickness of the oil layer, one may consider the flow as 
plane. The well is assumed to lie a source. If at the points zi, • • • , 
z n n wells of the intensities q\, ♦ • • , q n arc situated, the complex poten- 
tial of the flow has the form 


m = - £ log (z - ;,) - 


- log (■ -z n ) + C 


The diameters of the wells are small in comparison with the distances 
between the wells; hence the lines of equal potential, near to the points 
Zk differ little from circles and may be taken as the contours of the cross 
sections of the wells. 

The output of a well side termined by the Dupuit formula 


2 ? rbk Vk — p e 
y log {R/h) 


( 11 . 1 ) 


where p k is the pressure at the distance R from the well center, p e the 
pressure on the well contour, and 6 the well radius. 

In the problem of rational distribution of wells it is important to find 
the relation between the output of all the wells on the one hand, and the 
number of wells, the distance between them, their relative position, the 
value of the pressures in the wells, etc., on the other. Such problems are 
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contained in Leibenson’s book (78); the investigations are continued and 
developed in detail in the paper by Shchelkachev and Pykhachev (156). 

The concept of the "influence radius” of wells was introduced in the 
first papers on. the Inflow of soil wafers and of oil to wells. This Goncept 
is subjected in the book of the aforementioned authors to a critical 
analysis, and replaced by the concept of the feed region, i.e., a region in 
which water reserves are accumulated. They consider the so-called 
water pressure condition at which the filtration phenomenon may be 
schematized as follows. There exists a region occupied by a porous 
medium; the boundaries of the region are surfaces of equal pressure 
(equal potential) and rigid walls (faults). In a plane motion the feeding 
contour is an isobar (line of equal pressure) . 

If the feed contour is a circumference of radius R and center at the 
origin of coordinates, and if the well is at the point Z x = Xi + Yii, the 
complex potential is 

/(*) = - £ [log (Z - Zr) - log 
<p(x,y) = log \Z — Zi | - log 


+ C 

+ Cx (11.2) 


If the pressure on the circumference is equal to p k and on the well 
contour, which is a circle of radius 5 equal to p c , the output of the well is 
given by the formula 


_ 2 t rK(p k - pc) 

q /.[log (R 2 - X x 2 - 7x 2 ) - log (B8)] 


(11.3) 


If the feed contour C has an arbitrary form, we map the region 
bounded by it, with the help of the equation Z = F(z), onto the interior 
of the circle of radius R, and find that the output of the well at the point 
Zq is 


2 1TK(p fc — Pc) 

qi M {log {R 2 - |F(zo)! 2 ) - log iWFWU) 


(11.4) 


In the paper by Polubarinova-Kochina (139) there are given graphs 
(Fig. 28) in which the output q x of the well at the center of an elliptical 
region is plotted against the output qo of the well in a circular region of 
radius R. The curve I corresponds to the case when the ellipses are 
equal to the circle R 2 = ab. The curve II is obtained for ellipses having 
the same small semi-axis b = R. It is seen that the output changes very 
little with the change of the form of the feed region. In many problems 
it is possible, therefore, to use the simplest regions only : a circle, a strip, 
a semi-plane, etc. [See Charny (13,14).] 
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It would be interesting to study the inverse problems of the filtration 
theory , i.e., problems of finding from given well outputs quantities such 
as the permeability of the layer, the dimensions of the region, etc. Polu- 
barinova-Kochina (138) investigated the following cases: (1) to find 
a circular form of the region occupied by the filtering liquid, given the 
outputs of three or more wells turned on one after another; (2) the region 
is assumed to be an infinite strip; (3) the oil deposit of circular form is 
surrounded by water. 



As an example, we show how to find the radius 7? and the center 
coordinates (a, b) of a circular region, if n wells with the coordinates 
x it yfi = 1, 2, • • • n) are turned on one after another and their outputs 

2 rK{p k - pi) /, It" - (xv - a ) 5 - (?/, - b) z n , KX 
q,= U-j-l /log ^ OM 

are measured, p* being the pressure on the feed contour and p,- the pres- 
sure on the well. Writing this equation in the form 

(x< - ay + (y< - b) z = R(R - r<) U = 5 exp 

\ / 

(»' = 1, 2, • • • , 7l) 

and subtracting one of each pair of such equations from the other, one 
obtains for the determination of a, b, and R. a system of equations: 

2a(x { - xf) -f 2b (y { - yj) - 7?-(r, - rf) = p i} . . , 

x,- 2 + yd - xf - y? = Pi) 3 ~ L > ' > n) 

which may be solved for a,b, and R by the method of least squares. 

Charny (16) treats the problem on the most favorable distribution of 
wells in oil layers under water pressure conditions. The author approaches 
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the solution of the problem “hydraulically,” i.e., he takes the average 
velocity on the layer cross section, the entire layer being considered as 

a tube (Fig. 29). It is assumed that the area 
of the cross section of the layer is a function of 
the length s. On the feed contour p = p ); , on 
the contour of the “gallery” (line which 
replaces a group of wells, and for which 
s = Z) p = p e - One gets then, with the help of 
the Darcy law, for the propagation velocity of 
the separation boundary ds/dt 

["* /,?+ <“ J. f ] (U ' 6) 



where g is the volume discharge in the pipe, m is the porosity; the sub- 
script B refers to water, H to petroleum. Hence 



(11.7) 


The problem is to extract the petroleum in minimum time by means 
of n galleries turned on one after another, as follows: when the water 
reaches the first gallery (the rest of them being turned off), this gallery is 
turned off, and the following one is turned on; and so forth. Then the 
total working time is given by the formula 


- s X f ("* L I + "" L I) * (u - s) 

» = l 


To find the s ; at which f on is a minimum, Charny differentiates t on with 
respect to s,-, sets the derivatives equal to zero, and gets the equations 




In the case of a strip-like deposit, one has / = constant and 


s,- — s,-_ i = s,- + i — Si = constant 


i.e., the distances between the series of the wells must be equal. 
If / = as, one gets 



Si_i 


2 


2s,- 2 


Si" 


(11.9) 


This case occurs for radial flow. In the two latter cases the solution 
of the problem is exact. 
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1. Inflow of Liquid to Wells in a Heterogeneous Medium 

The problem of the influence of the heterogeneous soil composition 
upon the well output is of interest in the theory of petroleum filtration. 
More important is the evaluation of the influence of the difference of 
viscosities of water and oil upon the well output. But the inflow to the 
well of oil surrounded by water presents a complicated problem in 
unsteady flow in which the interface between water and oil changes with 
time. However, if one considers small time intervals during which the 
interface does not change appreciably, one may use the results for steady 
flow, assuming that we have two regions with equal soil permeability 
filled with liquids of different viscosities. 

Let us assume that in the first and second region we have respectively 

Vl = —ClPu <Pi — ~ C-pi (C,- = Ki/pi) 

Consider a well in a semi-plane, in a region of permeability ki ; or, else, 
consider the upper semi-plane filled with oil of viscosity pi; in the lower 
semi-plane we have a soil of permeability k« or, correspondingly, water 
of viscosity The pressure p e on the well boundary and the pressure pt 
on some isobar very remote from the well arc known. 

The complex flow potentials in the regions 1 and 2, ns shown by 
Polubarinova-Kochina (138), are then 


fi - <Pi + ifa = ~ 2 ^ t io G ( 2 ~ =o) + X log (z - z 0 )] + constant 




£ i ~ C: 
Ci -f* C; 


( 11 . 10 ) 


fi = <P 2 + ty - 2 = ~ — (1 — X) log (z - z 0 ) + constant 
For the well output the formula 


O = 2 *Si(P* - p c ) 

H log (/e/6) + x log (/e/26) 


( 11 . 11 ) 


is derived, where 5 is the well radius, R the distance from the well to the 
intersection point of the interface with the isobar for the pressure pt (the 
feed contour). 

In the region 1 the isobars are “ generalized lemniscates” \z — z 0 | 
I* ~ 2 oj x = constant; in the region 2 they are circles. 

Consider next a well in the case when the regions arc limited by concentric 
circles with radii r = 1 and R = 1. In the interior region the complex 
velocity is W\ (the well is at the point z = d), in the ring region it is w 2 . 
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The expressions for them are 

Q ( l 


Ml — IVi = — 


U2 — IV 2 = ~ 


2 7T I 2 


3 ^ + + (1 “ X2) X -X 

n = 0 


( 11 . 12 ) 


1 

2ir 


1-X j_ X 4.n-X')V g " 2 °" +1 

+ 2 + (1 X) 4 R 2 "+ 2 - X 

n = 0 

00 

+ Ml “ x ) X z n +\R 2n - X) 


2o" 


n — 1 


When the outer region is infinite, i.e., R — > », in each of the right- 
hand members only two terms remain. The obtained expressions may 
be given the form 


Mi — iv i = 


m 2 — f«2 = 


+ (1U3) 
n = 1 

_ Qd - x) / _1 , V x " _ V xn ~ 1 ^ 

2ir \2 — a jL( z — a/R 2n Z/ z — R 2n /a ) 


It is seen that by summation one may obtain the solution for an 
arbitrary number of wells. 

Pykhachev (121) gives an approximate solution for a ring battery of n 
wells, situated concentrically with the circle \z\ — 1. 

XII. Three-Dimensional Problems 

The first example of a possible three-dimensional flow has been indi- 
cated by Risenkampf and Kalinin (149). They noticed that in the flow 
around an ellipsoid, the velocity potential on the ellipsoidal surface is a 
linear function of the coordinates, while in the problem of soil waters, oh 
the surface, <p = — icy + constant, as we know. By a suitable selection 
of constants, one may make the given surface of the ellipsoid serve as 
a free surface for the flow of the soil waters. 

Ivakin (52) assumes in his paper that the form of the free surface, in the 
case of pumping through the well bottom into homogeneous unsaturated 
soil, is nearly ellipsoid of revolution. The author schematizes the flow 
by introducing a source into the advancing flow (Prandtl’s half-body). 

Filtration of oil in nonhorizontal layers. When studying filtration of 
oil, it is sometimes necessary to consider the distortion of the oil layer. 
When the oil deposit has the form of a cupola or of a cylindrical dome, one 
gets relatively simple formulas for the inflow of the liquid to a well, 
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orthogonal to the boundaries (spheres or cylinders) of the deposit. Such 
a problem is investigated bj r Kazarnovskaya and Polubarinova-Kochina 
(123), and Zarevich. The character of the displacement of the water-oil 
interface (assuming their viscosities and densities equal) was investi- 
gated for a spherical cupola. The interface was initially assumed to be 
horizontal. 

Kazarnovskaya (62) investigated in detail the displacement of a 
water-oil interface in an oblique layer limited by two parallel planes 
containing an infinite series of wells under the same assumptions ns in the 
preceding problem). She found simple formulas for the area of the 
watered part of the well at two different times (this area is proportional 
to the water discharge into the well). She also obtained the equation of 
the water-oil interface at any moment, if it was initially a horizontal 
plane. The author gives also a formula which permits us approximate^' 
to take into account the presence of several parallel scries of wells. 

hnpcrfccl well. An important three-dimensional problem of another 
kind is the problem of an imperfect well, i.e., one not reaching the bottom 
of the layer. Muskat gave an approximate solution of this problem, in 
which he substituted the well by a system of sinks whose intensities arc 
chosen so that on the cylindrical surface of the well, the normal velocity 
component is equal to zero. Millionshchikov (S7) imposes another condi- 
tion: v fi = 0 along the cylindrical surface of the well, i.e., for p — 5 
(radius of the well) and for 0 < z < II — t; but vp = — Q/2Tr5t is given 
on the segment H — t < z < II. 

We get, then, for the velocity potential: 


<p = 


JL V - ros viML ~ f) 

t‘5 // n Ko(tit5/II) II C0S 11 

n ■■ ] 


+ |;l0g P 


( 12 . 1 ) 


For e— > 0, cos [ri7r(// — e)///]— > ( — 1)", we get the potential for an 
infinitely narrow slit on the well. Millionshchikov uses it for approxi- 
mate determination of the interface in the case of a slit-shaped well, and 
of oil flowing over resting water. The author determines the form of the 
interface in such a steady motion from the continuity of pressure across 
this surface. This leads to the equation (the subscript B refers to water, 
H to oil, and y is the specific gravity) 


<pu(p,z) + — (y n — y n)z = 0 
pn 

Assuming the equation 
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as the equation of the interface, the author gets the relation in dimen- 
sionless coordinates (Fig. 30). 

System of imperfect wells. Segal (154) investigated a three-dimen- 
sional grid of imperfect wells; in other words, an imperfect well in a 
parallelepiped, the upper and lower bases of which are rigid walls (the 



normal velocity component is equal to zero), and on the vertical bound- 
aries of which either <p = constant or dtp/dn — 0. 

Two basic problems are illustrated in Fig. 31, and they represent in 
cross section: (1) a series of equidistant wells, equally distant from the 
rectilinear feed contours, (2) a series of equidistant wells with the feed 
contour and rift (fault trace; rigid boundary) parallel to the axis of this 
series. 


tp =0 


p - 0 


o o o o o o o 


o o o o o o o 


tp* 0 7777777777777777777777777?* 

r *=0 


Fig. 31 


To solve this problem Segal considers first the velocity potential of a 
group of N sources and sinks of intensities q n , located in the basic paral- 
lelepiped with the edges a, /3, y in the points (£ n ,»?n,fn). This group of 
sources and sinks is repeated in parallelepipeds filling the entire space, 
whose vertices have the coordinates hoc, h{3, hy, where h, h, h are integers 
varying from — eo to + * • The velocity potential of such a three- 
dimensional grid is expressed by the series 


<p{x,y,z) 


-4~oo -4- c o 4- o o N 

c 4 D lit 

ll= — 00 — CO fa= — 00 n = 1 


— V Qia + — xY + (Z 2 j8 + 7) n — yY + (h + fn — zY 
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which converges only conditional!}'. Therefore lie considers firs! 
convergent series 

A’ 


(x,y,s) 



exp (— A/Tj.) 


the 


After transforming this series into a form convenient for calculations, 
the passa^ to the limit X — » 0 is made; one gets for <p the expression 


<p(x,y,z) ^ i,/ CX P ( 7’ 1 2 " ,W ) 


Here is 


A' 




erf (it) 


-4./’ 

Jo 




i Ws i i n ^ 3 

M, ~ f- -p- -t- — > 

» P 7 


l n- 1 

A' 

^ = X ° XP 

n 1 

;; *> 2 j . *» 5 j . *»’ 

hi - ~ -f -f — 

a- ,0- 7- 


W = £tl + I* + £L* 

a / 3 Y 


T being a positive number chosen for fast convergence of both series in 
the final formula for v 5 - In each special problem the expression for y 
is simplified further. 

Then Segal distributes along the well axis a line of sinks whose 
intensities he assumes as given by a second-degree polynomial 

9(f) = A + Bt + 0^, (0 < f < h) 

w'here k is the well depth. At the end of the wells a point sink of inten- 
sity D is assumed. The constants A,D,C,D are selected to satisfy the 
condition 

If = 0 (* = /„ 

on the lateral surface of the well cylinder. 

The w r ell output is calculated from the formula 

h‘ h s 

Q = Ah + Bj + Cj + D 
The author also supplies some numerical examples. 
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Charny (17) gives an approximate method for the output computa- 
tion in the same cases as those investigated by Segal. Assuming that 
at a certain distance from the imperfect well the flow may be considered 
plane, Charny separates a cylindrical surface which may be considered 
an equipotential one and reduces the problem of a system of wells to a 
problem of one well, for the output of which Muslcat (88) gave an approxi- 
mate formula. 

XIII. Unsteady Flows 
1. Flow under Dams at Variable Pressures 

Davison made the first study of unsteady flows with filtration under 
hydraulic structures when the pressures in the head and tail filtration 
under hydraulic structures and the pressures in the head and tail waters 
are given functions of time. Davison takes the equations of unsteady 
motion in the form 

J L 3a f= _13p_0 1 dv z 1 dp _g 

m dt p dx k Vx> m dt p dz k *’ 

]_ dv y _ _ 1 ftp __ g _ dVx dv y dv T _ 

to dt p dy k Vy dx dy dz 

Introducing the vector 

, T k dv 

V = v — 

TO Of 

Davison arrives at the equation 

v = — K grad + yj 

i.e., the equation of steady flow. 

The problem of finding a velocity potential which on the boundary 
of the &th water reservoir takes the value 

V=-k H k (t) (fc = 1, 2, • • • ,n) (13.4) 

with dtp/ dn = 0 on the impermeable boundaries, reduces to the solution 
of n problems of the following kind: to find the solution of Laplace’s 
equation A tpk = 0 for which dtp k / dn = 0 on the impermeable boundaries, 
tpk — 1 on the boundary of the kth. water reservoir and ^ = 0 on the 
remaining boundaries of the water reservoirs. Then the expression 

<p(x,y,z,t) = — K[JJi(fM(a;,y,z) -f- • • • +H n (t)<p n {x,y,z )] (13.5) 

gives the desired potential. 

If at the time f = 0 the velocity vector has the value v 0 (x,y,z), then 
integrating the equation (13.2), in which we replace v by grad <p, where <p 


(13.1) 

(13.2) 

(13.3) 
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s taken from (13.5), we get 

n 

grad <pi(x,y,z) exp — ~ exp Hi{ti)dti 

(13.6) 


—gmt 

v = Vo — exp — L mg 


% m 1 


The exponential function exp { — rngl/n) damps out quickly with the 
time, which supports the opinion of some authors, that the derivatives 
with respect to time in the equations (13.1) should not be taken into ac- 
count at all. In this case the solution of the problem would be given by 
the equation v = — k grad <?, where <p is determined by the formula (13.5). 

As concrete examples Davison considers the flow around one or two 
aprons with variable working pressures. 

Another kind of problem of unsteady flow is investigated by Polu- 
barinova-Kochina (137). It is the problem on the propagation of the 
interface between two liquids of different densities (fresh and salt waters) 
under hydraulic construction. Here the problem reduces to the solution 
of the telegraph equation. 

2. The Problem of Contraction of an Oil-Bearing Itcgion 

There exists a scries of papers on theory of filtration dealing with the 
problem first proposed by Leibcnson (7S), of the contraction of an oil- 
bearing contour. Polubarinova-Kochinn (MO, Ml), Galin (36), Kalinin 
(59). Kufarev and Vinogradov (7*1) worked on this problem. In the 
papers of the latter two authors there is given a rigorous justification of 
the methods applied by the former authors, i.c., developments in series, 
and for two particular cases a solution in a simple and closed form is 
obtained. 

The problem is stated as follows. In 'a porous medium there is 
initially given a plane region, bounded by the contour C% filled with 
petroleum and containing several wells (point sinks). On the contour 
C the pressure is assumed constant at all times. It is asked how the 
contour C and the outputs of the wells will change in time. 

In the actual problem the region occupied by the oil is surrounded 
by a region occupied by water so that we have to consider the flow of two 
liquids of different densities and viscosities. The continuity of pressure 
in the outer region is equivalent to the assumption that in the outer 
region the liquid has a viscosity equal to zero. Galin performs a con- 
formal mapping of the flow region z onto the circle |f[ < 1, the well, 
which is at the point z 0 , going into the center of the circle f = 0. Let the 
mapping function be 


2 = /($>) (/( 0,t) = s„) 


(13.7) 
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where the variable r is connected with the time t by the relation 

t = - f T q(r)dr (13.8) 

2irq(r) being the intensity of the sink (q(r) < 0). We seek a function 
holomorphic in f/(f,0, one-leafed for |f| < 1, and satisfying the boundary 
condition 



Example 1. The initial region is a semi-plane Re z < 0. Let z D = 1. 
Then 

/o(f) = /(f ,0) = 

If the solution is sought in the form of a series 


m) = 2 /n(f)r” (13.10) 

n = 1 

recurrent boundary equations 

Ro \M\ - 

n — 1 

Re M] - - wkw X k Re [? A(r)/ -‘ (r,) ] (1M1) 

fc=l 

for /n(D are obtained. 

Kufarev and Vinogradov (74) succeeded in finding / n (f) and summing 
the series for z, and obtained as a result 

z = /($>) = fjri + f f X ?) (_1 + (13.12) 

This function is the solution of the problem for — < r < oo . 

Example 2. The initial region is a strip \x\ < h. The center of the 
well is at the point z — 0. In this case 


s 2 h, 1 + if 

/o(f) = — • log 3 jr 

m 1 — ig 

* = /(f> r ) = —■ log + £ (-2 h + V4 h* + 2w~t) 

m 1 — if r 

2h 2 

—j<T< co 
7 r z 


(■ 


) 


(13.13) 
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Polubarinova-Kochina (140-142) gives the conditions on the contour 
in another form. Differentiating (with respect to time) the equation 
<p(x,y,t) = constant, which must be satisfied for all (, she gets the condi- 
tion (taking into account that dx/dl = m~ x d<p/dx, • • • ) 



which is then reduced to several equations depending upon the case con- 
sidered: one or several wells within a circular layer, one or a chain of wells 
in the semi-plane. She and Kalinin found for the examples shown only 
the first terms of the power series in / or f, because the evaluation of the 
following terms is cumbersome. A closed simple solution is obtained 
when the initial contour is a cardioid: 


s = r + or- (r = c<*) 

where a < 4 (otherwise the cardioid has a double point and the mapping 
is not one-to-one), the well being at the point z. = 0. The solution has 
the form 

z — -4i (Of 4- .4 s (/)f 8 

where A AO and .4 AO arc solutions of the system 

A liix + 2.4 ;/i; — . - 4 - ) .4 \A ; + 2.4;/ii = 0 

log (.4 1 / 0 ) 

6 being the radius of the well, and 

A, /li(0) = l, .U(0) = a 


The integration of the system yields 


t = 1 + 2a 1 - 


4 - _L (a 8 4 - 

2 log 5 + log 6 \ 1 + A?) 



A* 


a 



S. Problem of the Depression of the Soil-Water Level vndcr the Action of a 

Drain Pipe (59) 

In the problems of the inflow of liquid to drain pipes, when there is a 
free surface, the condition p = constant on the free surface is rigorously 
satisfied. On account of (1.4) this condition is equivalent to + kij — 
constant. 
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Differentiating with respect to t, we get 



, d< P _ A 

+ k -5 — r^— = U 
dy at 


(13.15) 


Mapping the flow region onto the semi-plane f, we see that the 
unknown functions and 6 = f — i*z satisfy on the real axis of the 
f -plane the conditions 



Let there be a single drain pipe with the center of the cross section 
at the point z 0 = iho, the free-surface line coinciding initially with the 
x-axis, and the flow region being the lower semi-plane. Let f = hi in 
the f -region correspond to the point z 0 ; here h will change with the time, 
as will the well output. Put 


h = ho -p hit + h 2 f 2 + • * * , q = Qo + Qit + Q 2 & + 
The derivative 30/df as a function of f has the form 


dO 


= Ki + ±(-l 

^ 2 tt Vf + ih r - ih) 


The function z is desired in the form of a series 
2 = f + Zit -f- z 2 t 2 + • • • 

The following expressions are obtained for z k and q k . 


(13.16) 


z 1 


= _ JZo 


1 


mrr f + iho 


z 2 = - 

Zz = - 


iB 2 


f -P iho (r ~P iho) 2 

-4-3 iB 2 


+ 


2C 3 


27TK(ho + A p/pg) 
qo log (2A 0 /«) ’ 


f + ih 0 (f + ih 0 ) 2 (f + iho) 3 

_ go(3g 0 — 4.Kirho) 

1 4mirh 0 2 log (2h 0 / 5) 


" log T - 5&(lJ ~ 4 ") + g _ 28 “) 


+ 


(«7t) 2 ?0 


i4_2 

A 3 = 


= — + 2W7T ?1 \ B 2 = --2° (Q - 
(2m7r) 2 \ho 2 / (2nnr) 2 \ho 
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B s — “ K7r ^°) + m*ho(qiho — qahi)] 


C s = 
Ai« 


9o 


__ K (go 2 + 2mirqjitr) _ qJn + qoh 2 
3ho 7 (2mr) 7 m 3~m 

Qt>hi‘ 


s “ 3/i 0 2 (2m-) 1 “ 2 ' k}i ^^° 2k ~ }i ° 2m ' /il/i °) + 3r?n 


9o 


2mr/ic 


/i 2 = 


9i 


go 


4mrh 0 2(2m~) 2 h^ \ ho 


■ft-) 


(13.17) 


The ordinate of the lowest point of the free surface depends on t he 
time in the following manner: 

y g° / ! 9° 5 + mv(qiho — q<Ji\)h — 2KTrq 0 ho . 

1 A " ttitt/io 2m W T ‘ 


+(r. +B + W) ,,+ 


The problem of a system of drain pipes on an impermeable basis 
corresponds to the problem of shaft extraction of oil procedures. This 
problem was studied by Kalinin. 


4. Problem of the Displacement of a Liquid Surface 

In a steady flow we assume in the flow region at the time l — 0 an 
arbitrary surface consisting of definite liquid particles. How docs the 
surface move? In this way one may set up the problem of the displace- 
ment of a water-oil interface if one assumes that the viscosities and 
permeabilities of water and oil are equal. Plane problems in such a 
formulation have been studied by Muskat and Shchelkachcv. A three- 
dimensional case is investigated by Millionshchikov (87). 

Let the equation of the moving liquid surface be F(x,y,z,t) — 0. 
Differentiating with respect to t, we get 


dF 

dx 


i dF 

+ V' 


. dF , . dF 

+ 8?* + m ir 


= 0 




We substitute for v x , v u , v, their expressions for the case of the given 
flow, integrate the partial differential equation in F, and find its particular 
solution for the given initial condition. Let for t = 0 be z — —h. 

As a flow model Millionshchikov takes a well in an infinite space, for 


JL 

2nr 


(r = \/x 2 + y 2 + z") 


<p - 
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Passing to cylindrical coordinates p, z, we get 


v„ = — = 


dip Q p 


dip Q z 


Vz O X 


dp 2nrr 3 ' dz % rr 3 

The differential equation for F becomes 
Q ( dF . dF\ . dF 


( dF . dF\ 

\ p d^ + Z te) 


2 rr 3 

The solution we are seeking is 


+ m = 0 (r 2 = p 2 + z 2 ) 

ot 


3 Q 


Z 3( p 2 + Z 2)X + = h 3 {z 2 + p 2 )^ 


(13.18) 


The moment of the inrush of the bottom water into the well is 


2tt h 3 m 

~w 


(13.19) 


After the inrush, the water will enter into the well with the oil, and the 
water cone near the well outlet will be surrounded by an annular region 
of oil. Designating by a the angle which the tangent to the interface 
encloses with the horizontal plane (top of the layer), we get 


sin a = 


2irhm 

~3Qf 


(13.20) 


Now the author gets an expression for the “coefficient of oil,” i.e., 
the ratio of the oil discharge to the total output of the well. 


5. The Motion of Two Liquids with Different Densities and Viscosities 

This may be studied approximately by means of the Fourier integral. 
As an example let us take the flow of oil of density pi and viscosity pi, 
filling, at the initial moment, a strip 0 < y < hi, and water of density 
p 2 and viscosity p 2 in the strip —hi<y< 0. At the point z = h\i, 
there is a sink of intensity Q. Then for the initial period of filtration, as 
long as the interface differs little from a horizontal plane, one gets the 
equation of this surface in the form 


where 


v = JL( a cos ( e 't-i )da 

2tt6i Jo a sinh a 


<r = 


a sinh ahi sinh ah 2 


si 


sinh ahi cosh ah 2 , cosh ahi sin ahi 
p — 


*2 




€1=7^ (P2 ~ Pi), 
Pi 


e 2 == ~ (p 2 - pi) 
P2 
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G. Elastic Regime 


If the water, under whose action the inflow of the oil to the wells takes 
place occupies a large volume, the compressibility of the liquid plays an 
important role, as has been proved in the case of the East Texas oil fields 
(88). One had to assume the value of the compressibility coefficient, 
to be very large to be able theoretically to explain the observed phe- 
nomena. Shchclkachcv (157,159,100) considers, besides the elasticity 
of the water, also the elasticity of the layer consisting of soil grains. The 
pressure in the elastic regime satisfies approximately the heat transfer 
equation 



According to Shchclkachcv the coefficient o 1 2 3 * * * 7 depends on the com- 
pressibility coefficient (b of the liquid and on the soil skeleton of the 
layer. Hence 


k 

tiling, + /?,) 


(13.21) 


where m is the porosity, and p the dynamic viscosity of the liquid. 

The author (12G) applied the general theory to the actually observed 
case of interference of two wells. 
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